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Summary 


After the matrix method in crystal statistics was introduced by R. Kubo” 
Kramers and Wannier®, and others, Onsager“, using the abstract algebraic method, 
got the exact solution in the case of plane square net. His rather complicated 
method was simplified by Nambu“ considerably. We, independenty, attained the 
simplification of Onsager’s method and have applied to the honeycomb lattice. 
And the exact solution has been obtained. From this, by the so called dual 
transformation we can get the partition function for triangular net. . 

The Curie point qccurs at ch 2H =2 in the honeycomb lattice and at 
exp(4H)=3 in the triangular net. These coincide with the results obtained by 
the dual and star-triangle transformations”. The specific heat becomes logarithmi- 
cally infinite but the energy itself remains continuous at this temperature. In 
the antiferromagnetic case, the honeycomb lattice behaves similar to the former 
case but the triangular net exhibits’ no phase change. 


1. Eigenvalue Operator 


In applying the matrix method, we take as one tier the vertical set of 
points (1,2,3..-n) and the next tier (1’,2’,..-n’), (See fig. 1) To avoid the 
edge effect, the -th atoms are considered to be 
connected to the first atoms. Then in this case x 
must be even. “As the most simple case, we 
use the Ising model. Namely each lattice point 
is occupied by the atoms having (+) or (—) 
spin and the interaction energy of, the nearest 
neighbor is //2 or —//2 according as the neigh- 
boring spins are antiparallel or parallel. The 
interactions except the nearest are neglected. 
By p»,, which takes the value 1 or —I, we des- 
ignate the spin on the 7-th atom in the tier. 
Then putting matrix V as follows Fig. 1. 


V (play Bay 2° Pw fs! Pela”) = Sy exp 1 (fo Pg fabs + 22+) Exp AL (My fy! + fg fl + +++) 


xexp A (py! ty! + fs teal oe) exp A (14114 + feel + ++) 
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where H=//247. The eigenvalue problem becomes 


DHA Cy es Oe fal! ++* fly’) ¢( 4”, pte! J=AG( 4, +++ fq). 
> 


<p 
The partition function becomes by their eigenvalues 4,, 4s, -- 
SHAAN 

where WV is the number of tiers divided by 2. By the theorem of Frobenius 
‘the maximum eigenvalue of a matrix, whose elements are all positive, is positive, 
simple and the eigenfunction is even. If 4, is assumed to be maximum, 
then as V—> oo, f=4,". So that to get the partition function, we must solve the 
eigenvalue problem of V. As in Onsager’s case, we introduce the operators 
_¢, and s, as follows , 


Cf (bey 20) Br 00 Pe) =F Per 9 (—) fer °**Bn)» 


Sif (bay 019 Pay Pn) = Sy 0) Be Bn) 
hensiteis erident that 
CP 98 = ly 6p 5 Se Chy CeCe Calas Se Sn= Se Ses Cee Saee (8 ~) 
By using these, V can be written as 
|= (2 sh 27)" exp A (5953+ 5455+ °°+) exp H* (G+ 0g 4°: +eq) 
x exp A (5s, 5.+5,5,+ +++) exp H* (tots +G). 
Here A* is connected with H as follows 
ev" =tanh - 1, 


The relation between H* and H is symmetrical. 


Thus the problem is to diagonalise the operator V¥ in the space of the direct 
products of 2 quatetnion algebras (1, ¢,, s;,¢;s;) (¢=1, 2, 3+--2). This algebra J7, 
is also generated by 27 7’s and g's defined as follows which appear in the 
theory of the second quantization or in the spinor theory™, 


Pu Seg 1 Cn—9° CQ Cy 


Jey Co" Cay (7g Sy). 
These operators satisfy the simple commutation relations. 
[Pes Je +=9, [a Ju)4 =28 x, [Pir Pr]s = 20, 
where [4, B], denotes 4B+ 2A. 
Or in a single relation 
[x (Xi Pet In Ge) P= pm (4 +y,°) 
= =L 


where x, and y, are any complex numbers. This relation suggests that if we 
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catry the linear orthogonal transformation in (/,¢) system, the above relation: 
remains unchanged. So that this transformation gives an automorphism of the 
algebra I]. If we define C=C,C,C;---C, which reverses all spins at once, 
then C anticommutes with all g’s and g’s and commutes with the products of even 
number of these. And as 


CrP Qk» SeSesi= —t Peri Ve 


C also commutes with . If we extend the suffices of g and g over x 


Pisn= — Chis Gian=C> Oy Pisn=Pir Jiton— Yi- 
Hence #, and g; have period 2 in their suffices. Making use of these, we 
define the following operators which are invariant or alternating under the trans- 
formation 2,— Pesis Qe Jeti 
Ail 2n n 
An, = 21 Perm Ja= 3 Prvm Des 


j il Qn n 
A,,=—— pa Las ecde\ —)*=95 PramQn(— )*. 
2 k=1 k=1 


Then V is written as 
V= (2 sh2H)" exp { —iH(4,+ A/) /2} exp {2H *Ap} 
xexp {iH (A,—4,)/2} exp {t*A)}. 
As A, nnd 4, commute with C, V also commute with C. Then V lies in the 
subalgebra G of //s, which commute with C which accordingly divided into two 


ideals G(1+ C)/2 and G(1—C)/2. Here we shall define 2” (¢, 4) as the linear 
orthogonal transformation of (4, 9) 


ger a ad 
am Steer COS B+ Pry 
0 Vn 2 nu Pa Pa 
1 n ea ea iets 
eet Or é=,/ >) sin he Dry 
Lo ain/; 2 ae N n k= n Ps 
it zt ae ay as 
es a Ee P 7,= ae cos —— hk ’ 
eu Wi, ” 2 ¢ Pe fi n at nN Dk 
Ora herycniy bye NE : i 
Lh 2 ( )"qu TN i z, nt oe 
Here r=0, 2, A. Brive cate Qn—2 or 
wae V5 Oe Des douas. 2Qn—1, 


We take exclusively even or exclusinely odd series from 0 to 2v—1. Then as 


—s Eg +] ; . + 
Ce Os eu ee ec ate her and similarly for 7 and 7", 


there are 2 linearly independent (¢, 7) in both cases. The commutation rela- 
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tions are summarized to 
[i € +f Et ty, y tt ot) PHD +4 4 Ie te): 

where summation extend from 0 to 2 (even series) or from 1 to m—1 (odd 
series), and 4,,2%;,J,,j7 ate any complex numbers. Namely, these 2x (¢, 7) 
are anticommuting set isomorphic to (p,¢) system. So that the algebra generated 
by these (7,7) is isomorphic to /J,, which is generated by (4,9). Or in other 
word, this transfoimation gives the automorphism of the algebra J//. In these 
(€,7) system too, C has the invariant character. 


Since te saa é*n*), it follows 


IT pigs) = exp =a 2 Pez =EXP — == we O11 Sy Ir+§3 r -)= IT, %,) (FF 9 7r 


So C=PII(Puge) =i" i & nye Bie! 7) (¢7 7 or. ; 
‘actors 


C also commute with the products of even number of (¢,7). Here let us intro- 
duce the following operators having the propeities that they are invariant or 
alternant under the transformation 


Pu Prsr Ue Garr (A= 1, 2, 3....-2.08 2) 

ae yg Ep re _1-(-yc 2 

og So S60 nam OE Sco EDA 
hee |: 


(Gj ie ot ae Xg=1EeBe Xn = heen Mn- 


If » 
‘ Y= = (ae i sea 


‘eae 
aes 2 (Feet oe pater) Oo=Ly-Foma, Op 


ie; 
ou 
« 
, 
= 
i— 
> 


a r = t & 
L ¢ FaGe “ec Oae)s 


M,= op Ra cos — (4 —!) PrdkPegi (— )'= Pe ae cos = (e— —t) Rn (— ig 


Vase tb Oe Daas) s M.=1y+ no4n= — My. 
oe Al 
Sinden (yn; Yury —YuMaar)> 


apes /, = ‘ ~ ~ 
MAS EEnie FE Ea), Male — My, 
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palette, — [h=sa-Cye)]. 


1 ey 


As seen by inspection, these operators having the suffices (7, —7,x+r,u—r) 
contain only is sar Dr) Nes ake ons Yn+ry ied) beside C. ; 
These eight (¢,7) generate the simple algebra //, of order 2”. 
When r=0, rt+uz=n, they contain (€, 7, €n%) and when r=n/2, r+nu= 
32/2, they contain (€,/2) Mnj2y Snr Mn/2)» €ach set generating a simple algebra J//, of 
order 16. 
In our algebra, (€,7) always appear in even products, so that we confine 
ourselves to the subalgebra F. of /J, which commutes with C. This semi-simple 
algebra is of order 2° with the exceptional cases of r=0 and r=7/2. 
Since F,, F,, By----*- F,,;2., have no common (§,7) and elements of one F are 
all commutative with o her F. So that we can consider the algebra of direct 
products of these. (Hereafter we assume 7/2 is even to avoid unnecessary com- 
plexity ) 
D= FF, x I’, x cee X By jo. 

Similarly we consider 
D =x #, x ++ x Fy, 

D also commute with C, so that D can be divided into two ideals 
D(1+C)/2, DU-C)/2. 

The algebra Hf, generated by (X,, Varn Mp ) are subalgebra of 
D(1—(—)’C)/2 and isomorphic to a subalgebra H, of F’.. We shall investigate 
the properties of H, in next chapter. In chapter 3, we shall see, how the 
eigenvalue operator V will be factorised into the operators each belonging to H,. 


2. The Abstract Algebra H, 


In this chapter, we shall examine the properties of the algebra H,. Omitting 
sufix rv, and putting rt+u=s, n—r=—s, for brevity, the generating elements 


run as follows 


eos (En+hty*), = 


U=— Ey,t8'72), y= &*n,—€n'), 
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IT e + 
M=— (nn.+7° 18) a (7° %s—74%s )» 
/ ny = = wt 
Mia (66,4663), Ma &*6,—€8), 
2 ee 
cod af e+ a + 
Ma Cnt iin), Y= 6Fy.—F.90)s 
2, Zz 
/ fe Ft + = fl a eee s A we 
U,= . (egress Js y= Giz 07 ), 
ia Sy k=!I ”* Ys 
HELTER e k=l Ys 7. 


From these, we can construct the following 70 linearly independent elements 

X,Y, kaX, Byes Je kvifel) s daee eee 
Ay, Vy kX RV {Xe J¥ we fhXes JV oe 
U,V, RU, AV, 7.U,G.V, ZU, jk V, 
GeV; hia & Keafin i ase ie 
M,N, 7M, 7N, 7M, 7.N, 7M, JN, 
M’, N', k,M!', k,N', kM’, kN', K,kM', kh, kN’, 
1,:&s Jar Bas FRR Soke Jel ds eee 
Th sky Jokohs JIhs JTh Iikhu 1, 
Xn VV, X Vai XV, Ole Vai; OE 

1) The unity of H, is 7.=(1—(—)’C)/2. 

2) Commutable subalgebra 


7, &, Jey Ry ave commutable each other and . 


3) Quaternion subalgebra 
a) B=([+7k)/2,  X, Y, XY=(j—&)/2. 
b) B=(i+7h)/2, U, Vv, UV=(g=b)/2. 
c) E"=(+2k)/2, M,N, MN=(k—2&)/2. 
dy BM=(+9)/2, M,N, MN A G=z) P-.- 
) Ba +78) (ay By Yo Vie 


f) E’=(T4+7.4)/2, Uy Vo U.V.= (4-2) /2. 
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These are six quaternions, namely they satisfy the following relations 

a) X’=V%=(XV)'=—F, XV=—VX, XE=EX=X, YE=EY=Y, B= E£. 
And similar relations for others. 

And there holds following table of multiplication. 


NNN eee 


eC AY mC mene MT. | NEM 3) NAN Xe Pars 80s | Vs 
j y |-x}| rv |-uv| w \|-m 
Rk i x N —M —V;| Us 
Js —NW| M | +¥,| —X:| Ve | —Us 
he -V| UV —N| M-\—Ye| X 


The blanc spaces give the commutable products such as £V,7X, ete. which 
are linearly independent bases. Other than these are anticommutative, e.g. 
7X=—Xj=V,, k,U=—Uh,=—V ete. - 


4) i) XM’=YN'=(U,-7V.)/2, MX=N'V=—(U,4+/V,)/2, 
VM=—-XN'=(V.4j0)/2, M'YV=—N'X=—-(V,-jU,)/2. 
i) M'U=N'V=—(X4ts¥,)/2, UM =VN'=(X,-7Y,)/2, 
NU =—M'V=(V,7X)/2, UN =—(¥,47X)/2=—- VM. 
ii) XU,=VYVi=—(W+kN)/2, UX =VY,=(M'—-2N’)/2, 
VU,=—XV,=—(N'—-2M)/2, UY,=—VX,=(N +4’) /2. 
iv) X,0=Y,V=('-2,N')/2, 0X, =VY,=(-) (M44, /2, 
V,U=—X,Va—(N'+4,M) /2, UY,=—V X= (N42) /2. 
vy) XM’ =—-Y,N'=—(U-9,V)/2, MI X= —N'Y,=(044.V)/2, 
VM=HX,N=—(V4iV)2%  MY=N' X= (V-7U)/2. 


vi) MU=—-N V=(X47Y)/2, UM =—VN'=(X—7Y)/2, 
MUH=M V=(VY-7X)/2, ON =VM=—(V¥+/X)/2. 
vii) A,U,=Y,V,= (M—j,.N)/2, U,X,=VV,=(—) (HY +7.) /2; 


V,U,=—-X,V,=(N+j7,M)/2, U,Y,=-V X= —(N-1.M) /2. 
viii) XU=VV=(—)(M4+7)/2, UX=VV=+(M—/N)/2, 


VU=—-—XV=(N-jM)/2, U V=—VX=—(N+/M)/2. 
ix) XM=—YVN=(U+kV) /2, MX=—NYV=—(U-kV)/2, 
YM=XN=(V—£0U)/2, — MY=NX=—(V+h7)/2. 


x) _ X,M= Y,N= (-—)W.+4. V)/2, MX,=NY,= (O.—4, V,)/2, 
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V.M=—-X,N=—(V,-4,U,)/2, MV,=(-)NX = 4+ VFhO)/20 


xi) MU=NV=(X-£,Y)/2, UM=VN=—(X+4,Y)/2, 
UN=- VM=(Y—k,X)/2, NU =—MV=—(Y¥ +k, X)/2. 

xii) U,M=—V,N=(X,+2Y,)/2, MU,=—NV,=—(X,—£Y,) /2,; 
U,N=V,M=(Y,—£%,)/2, NU,=MV,=—(¥,+4%,)/2. 


5) (X,Y) commute with (X, Y,) and (U,V) commute with (U,; V,) and 
(M,N) commute with (1’, V’). 


6) UU,-VV,=—(XX,-YY,), UV,+VU,=— (XY,+%,Y), 
XX,4YY,=—(MM'+N'N), XX,—X,Y=—(MN'—M'N), 
MM'—NN'=U,U+V.V, MN'+NM'=U,V-UV,. 


These complete the multiplication table of algebra H,. 

In the special case of y=0, the algebra HH, made up of X,X,, U, Un, M’,M, 
I, and XX,=X,X=—UU,=—U,0=—-MM'=—M' M. 

-The multiplication table becomes 


fore re x Xn v Un Mt | seal 
x aan eo oe U | Un 
cn XXn az Mw uw it: es 
U M —M’ es ee = rt 
Ue Mr —M ox a Bt Ss 
M =O % = = alt ie 
mM =OR U ats x Ss a 


This algebra is of order 8, and the center is composed of (/, XX,). Then the 


algebra is divided. into the direct sum of two simple ideals of order 4, i.e. two 
quaternions 


aaa) 2, (X+ ¥,)/2, (U—U,)/2, (M—M’)/2 and 
(/+XX,)/2, (X—X,) /2, (U+U,) /2, (M+ M’) /2. 


Nextly the algebra H},,, is composed of 8 elements, as the direct sum of two 
quaternions (X,Y, XY, £) and (U,V, UV, &’). 


3. Eigenvalue Problem 


In the preceding ‘chapter, we have completed the construction of Algebra 
7. Here we shall resolve the eigenoperator |” 


into the product of V, each 
belonging to algebra H,. Since 
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Fige , s" cos —— wa a Daas >) cos 3) Pr+mIk 
2 


Qn k= = 


nH m=1 V/A 
Qn 
eee >) A,, sin ae m, 
nN m=1 HW 
we have 
2n—-1 
A,.=>5 [ x, cos = m+ Y, sin pas mn]. 
r=0 n n 
Similarly 
2n—1 
AS ie V,cos * m+ V, sin  m|. 
r=0 n 
Especially 
Av=Xj+ X,4+ Xote + Xon =2(X,4+ X,4+ eletelels 
Ay=2 (XY + XQ* 4+ Xy* te + X21) + X)—X, 
Similarly : 
Aj! =2 (U,4+0,4+U 34+ ++ +U0y1) +040, 
+ O81) + O— Ons 


Af =2 (U8 4+ US 4 Up 


-where 


as 

es 7 
A,*= X,.cOs + Y, 
2 n 


mat US ra 
Y,*=X, sin — — Y, cos —. 
n n 


Similar relation holds for U,*, V,*. 


Then V becomes 
2n-1 . Qn—-1 
C,")) exp (17 * >) X5) 
r=9 


V= (2 sh 2H)" exp { —7H/2 2 CX," + 
2n—-1 
X exp {-iH/2 3 (X*- 
r=0 
which is factorised into the product of V 
V=(2sh2H)" V, V, Varese mee 


where 


+X, -1) ae Xot+ ns 


2n-—1 
U,*) } exp @H™* 3a X,) 
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V.=exp { —7H(X,*4+ X,*) —7H- (U,*+U,*)} exp {2H*1(X,4+%,)} 
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exp =A PA (CA ey ‘2H*i(X,+X)}, 
(y= 1, 2, 32.400 n/2—1)° 
7, =exp | —iH/2(Xy— Xa) 1H /2(Wy—Un) } exp {2 * (Kot Xn) } 
xexp {—27/2(X.— Xn) 41H /2(U,—Un) } exp {¢4* (X,+ Xn) }, 
Fe pmexp {iH (Varn Vay) } exp {2H*4Xwal exp| —71 (Vaa— Var) } 
x exp ((2H*2 X,;2)- 


And 
I+€ (2 sh2H)* eer AA ae: Vn 
1-—C V=(2sh2H)” aes A / seeeee Va 


Hence (14+ C)/2-V lies in the algebra D(1+C)/2 where 


= —t 


And V, lies in H, which is isomorphic to the subalgebra H, of F.. 


If we can find the eigenvalues of V. in F., by making product of these in 
suitable selection, we can get the eigenvalues of V’ in the subspace C=1 or 
C=-—1, according as the odd series or even series are adopted. 


In the next section we shall find the eigenvalues of V.. (to de continued) 
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§ 1. Introduction. 


As the generalization of the ordinary one-time theory, the super-many-time 
theory has been constructed, which enables us to calculate many problems with 
less ambiguities than the ordinary one, because of its covariant feature, but the 
results coincide with the ordinary ones. 

Here, in this paper, we get a new result that the one-time theory can never 
deduce. 

The most characteristic difference between two theories is the existence of the 
integrability condition, which occurs from the increasement of the number of 
wave equations. In fact, the number of wave equations in the super-many-time 
theory is continuous infinity, so that the condition for the existence of the solution 
of the wave equations is very severe. Concretely speaking, the condition that the 
wave equations have the uniquely determined solution, i. e. the integrability 
condition restricts the properties of the interaction Hamiltonian densities between 
fields. 

First we discuss the possible structure of the Hamiltonian density by the 
leading principle, ‘the principle of action through a medium”. Next using the 
results, we prove that the energy-momentum conservation law requires the in- 
tegrability condition in its proof. This signifies that the integrability condition is 
necessary not only for mathematical reason, but also for physical. Lastly as a 
concrete application of this condition, we deduce rule for the choice of various 
types of decays, which is the one that the one-time theory can never conclude. 


§2. General type of Hamiltonian density. 


Our first problem is the determination of the interaction Hamiltonian density 
between fields, using the above mentioned principle. 
Now we start from the following wave equation : 


{ary +4 aac {Pic l=o. (2.1) 


where H(P) is a function of a point P, and in general is a functional of the 
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ace-like hypersurface C. 7T 
4 Consider an arbitrary field quantity S(P) which is a function of a point P, 


and write the expectation value S(/) in the state Z[C] as <S(P)>c for simplicity, 


<S(P)> c=(¥[C], S(P)PLC)- (2.2) 


Here we interpret the principle of action through a medium as follows : 
(1) Let a pair of points P and Q on the space-like hypersurface C lie a finite 
distance apart from each other. Then the expectation value of S(Q) is not 
affected by infinitesimal deformation of the hypersurface C.at the point /, i.e.: 


é 220, 2.3) 
aC: <5(Q)> o=0 ( 


Comparing (2.3) with (2.1), one obtains 


N 


Sie? LONE Vaal C 
J <SWP)>o= Go(FICh, SCPFICD 


=(i/4){ (@[C], H(Q)S(P)¥[C) — IC}, S(P)A(O)FIC) } 
=(2/#) <[A(@), S(P)]> -=0. 


While the wave function ¥ C] is arbitrarily chosen, so that not only the 
expectation value but also the poisson bracket itself must vanish, 


[7(Q), S(P)|=9. (2.4) 


Except the hypothesis (I), taking the foregoing principle for time direction 
into account, it will be natural to assume: 

(II) ALP, C] depends only on the field quantities on the surface C. 

Now let us examine what kind of conclusion can be deduced, combining the 
hypotheses I and II. 

First ALP, C] cannot contain any field quantity of a point which lies at a 
finite distance apart from the point P and outside the lightcqne of P, as S(P) in 
(2.4) is an arbitrary field quantity, and so it contains only the field quantities of 
such points that are on the surface C and are adjacent to the point P. 

Thus our first conclusion is obtained. 


(A) H[P, C] is determined by the field quantities of points which are adjacent 
to P and on the surface C. 


Next let us try to formulate this conclusion, and we assume a mathematical 
property of HP, C]. 


_ CU) ATP, C]:is an analytic functional of the surface Cie: 


ecco 


HP, Cl=In(P) +f ACP, X)dQ + | | ACP, X, X")aQ dQ! +--., (2.5) 
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where dQ=dr'dx°dx'dx‘, and which corresponds to the hypothesis that H[P, C] 
has the functional derivative of any order. But by the hypothesis (II), W|P, C] 
must be expressed by surface integrals, i.e. : 


Te CVE) ful, X)AP, + | uy! (P, by years ena 


Cc ce 


The functions %’s must vanish when any one of the points ,X’,--: lies at a 
finite distance apart from the point /’ because of the conclusion (A), so that the 
integrands vanish unless the points X, X’,--- belong to the infinitesimal vicinity of 
the point P. For this reason, the integrals in (2.6) vanish unless the integrals 
contain 6-functions, and the method to let d-functions be contained in (2.6) comes 
into question. In ‘this case, remember the following formula: 

aD(X,— *2)) — (0, 0, 0, + 8(X,— ¥,)) 2.7 

ox” al 6 : 2c (a8 2) al! 

putting the four vector as 4,(X,—X,), where Xj, X, lie outside of each other’s 
lightcones, then the problem is solved as follovs : 


hy, (PX) = /iyy (P)4,(P—*), 
fom XX) Maury tt) 4p X)4,,(P—X’), etc. (2.8) 


So letting (2.8) into (2.6), we get 


HP, C]=%(P) + fin(P4, (P_X) dF, 


+ | aur P) dP X)4,,(P- a) aF ar, 
ce 


pee ah P) + hy P)N,N, +e PIN NN Ny + (2.9) 


where WV, is the unit normal vector of C at P. 
Thus we get the second conclusion : 

(B) The general form of the interaction Hamiltonian density is given by the 
equation (2.9). 

We confine ourselves to a more special case, thinking physically of this 
problem. For this purpose we prove the following lemma. 

Lemma. If a functional F P,C] of the form (2.9) vanishes for any flat 
space-like surface C,, then it vanishes for any space-like surface C. Proof. Let. 
the tangential hyperplane of C at P be Cj, then C, is flat of course, so from the 
special form of (2.9) we can obtain at once that F[P, C] is equal to F[P, GJ. 
But as F[P, C,]=0 from the antecedents, we get 


F[P, C]=0. 
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Well, we know in the one-time-theory that the Hamiltonian density must be 


of the form 
(scalar) + (tensor) 4- 


We scalarize it as 


(scalar) + (tensor) yy Vy. 


Let the latter be A{[P, C], then ALP, C] coincides with that of one-time-theory 
in the case when C is flat. Now put 


FLP, CJ=H[P, C)—ALP, Cl, 


then F[P, C] satisfies the conditions mentioned in the. above lemma, by which 


we get immediately 
F(P,C]=0, i.e. H[P, C]=HALP, Cl. 


Thus we get the third conclusion : 
(C) The general form of Hamiltonian density is 


HP, C]=hp(P) + hin, (P)M™,- (2.10) 


This conclusion signifies that we can obtain H[P, C] only by the scalarization of 
the one-time theoretical one. Here, what we must notice is the fact that the 
local Hamiltonian density in the one-time theory cannot be determined uniquely 
in general. In order to avoid this difficulty, we shall be obliged to test by the 
conclusion (D) which is given next. 

Usually H[P, C] is obtained by solving the following equation named inte- 
grability condition of the generalized Schrédinger equation (2.1) : 


4 oO zk 3 
FP. C] tata an ier 
| [P, C] | HONG t <8Co | _ 
4 fdHlO Oo} Oo ([P,C > 
7 CREASE ) tate.c) #fo,cN=0. en) 


We interprete the solution by this method as follows : 
(D) The equation (2.11) gives the criterion for the correctness of the choice 
of the interaction Hamiltonian density H7[P, C]. 


Therefore we can assume that the mathematical condition (2.11) is satisfied 
hereafter. 


§3. Conservation law of energy and momentum. 


In this section we prove the conservation law of energy and momentum in 
ag Super-many-time theory, making use of the results obtained in the previous 
section. We start from mathematical preliminaries. 

Formula 1, 


\\ 
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é aD(Q—P) ° 
XV, = 
aC) ° ie) SpaLTy ees (9.1) 


Proof. 


A Gel 
Oy OX, 


Cc 
(72 — Paar 5 ae aD(Q—FP) dF’, 
Oru 
Cc 
where dashes for argument Q, WV the normal of C to future, 


=| NIN,3(Q—P)dF'=N,N,. 


Cc 


Formula 2. Let the canonical! energy-momentum tensor of the free fields in the 
interaction representation be Z,,, and put 


poate Wks al, (3.2) 


c 


then the following formula is obtained : 
i 6, s|- ph, 0S (3.3) 


where S is a point field quantity. 
Proof. The interaction representation is equivalent to the Heisenberg represen- 
tation of the free fields, so that it remains correct in our case. 
Next we will define the total differential by 


Cpe em Oh eter Ka 
he) SPLCD = OIC) Fe MLCD, GA) 
or explicitly 
Tie ee Oey) ee * E: 
: = eS ? i een | ee ee Sin 
Bo ce LCP), 95 Es +A), S| ey 


The total is the functional differential when we employ for the physical quantities, 
Heisenberg representation in place of the interaction representation, so it is very 


natural to define the conservative quantity S by 
eas) (3.6) 


From this definition, it is easily proved that the set of all the conservative 
quantities form a Lie ring. If a quantity is conservative, then so is in the one- 
time-theory. The converse, however, is not always true, and this is the reason why 
it is necessary to prove that energy and momentum conserve, which is firmly 
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structed in the one-time theory. 
Now the total energy and momentum of the fields in the interaction repre- 


sentation are defined by 


= | Zasdl + | LX, CF, =, + (FLX, CaF, (3.7) 
C C ra 
where 
HX, C]=l(X) + hy, (X) NN. (2.10) 


So the task we must finish is the proof of (3.6) for Q,. 


aCe = aC ms Zi [H(P), ¥,] 


aL 0 


case cies Niel Bes 
ala eam ’ 


H(X)AF, + [1 (), H(X)ME, + LAP), Tos XP, 


ce 


| CoC X) + Aap (XN) AP, + 5 |LH(P), AXP, + © [[AP), To XA, 


Cc 


=| Oy, Bh 


Lap : ae a. 2D(P~X 
Ox” Oxy Nas + [f(a 305 (ViN3) dF + digs | = dar, 
c 


+O. H(X)]dF, + [(Ca), Tuv(X)]+[es(P), Tal XN, NaF} 


Jia RE Ss aH(X) eD(P—X 
= {oy lier yyy, 4 (BAX), base 

ax, ax, if ! a | ryan iF, + ac Ax ,32, aF} 
+a [l@, wan yar,— Be — Phar v.17) 

J Ox, Ax, a : 

i [ Eva ye bee 
Bea ost a 2 2 ee us : 

| icy + GHP) e+ pt |ar, (3.8) 


e V., NV, are normals at the points F, and Y respectively, and point function 
wit no argument signifies the function of the point /. Remembering the inte- 
grability condition, we get consequently ; 


Pao (3.9) 


oD a 


(E) The integrability condition is sufficient for energy- 


en momentum conservation 
law, moreover it will be necessary at the same time, 
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§ 4. Restriction rule for decay types. 


In the previous section we saw that the integrability condition has a physically 
important character. So let us derive a conclusion from this condition. If a pair 
of points P and Q on a space-like hypersurface C lie a finite distance apart from 
each other, then by the conclusion (C) obtained in §2, we know that 


3 
OCp 


0 


H[O, C|= 


So in this case the integrability condition (2.11) or (4.2) : 


h oO ; Rue 
ALP, —— ‘ ; ne 
J [P, C]+— IG H([Q,C]+ — | 0 (4.2) 


reduces to the following simple form: 


[#(P), 1(Q)\=9. (4.3) 


We confine ourselves to this special case for the situations of the points P and Q 
in this section, therefore the derived results are all necessary conditions, but not 
sufficient in general. 

Now we decomozose the Hamiltonian 7 (P) into several parts, each part 
corresponding to an elementary process, and then we will classify them into two 
classes. 


H(P)=DH AP). 


‘Modification for H(P) to let satisfy the integrability condition should be taken 
into account in the determination of the individual Hamiltonians as was discussed 
in (D). We introduce a notation for thc elementary process. For example, the 
emission of a photon by an electron, i.e.: 


sme T, (4.4) 


includes two electrons and one photon in the process. 
This process shall be denoted by 


7 oJ (4.5) 
Generally any elementary process can be represented by the notation as 
CBr Beto he Sei), (4.6) 


where B,, &,,°-: for Bose particles, and fF, Pasa: for Fermi particles. From the 


spin conservation law, we know easily that 
Ny tito t+: =20, (mod. 2), (4.7) 


for any elementary process. We write (4.6) simply as 
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(PIP PO). 
Then two cases occur, when 
(a) 24,=1,=--° =1,=0, (mod. 2), 
(b) any other case. 


We call (a) and (b) as “even type”, “odd type”’ respectively. 
Now let ¢, and ¢, be Bose field wave function and Fermi one respectively, 


then in our case we can write simply 
[9.(P), $.(Q)]=09, 
iPa(P), ¢ar(Q) }=0. (4.8) 


Moreov2r, wave functions of different fields always commute with each other, so 
we see at once that 


[4.(P), S(Q)J=9, (4.9) 


where H(P) is a Hamiltonian of the even type, and S(Q) any point field function, 
Thus the condition (3.3) reduces to 


[H_(P), H_(Q)]=0. (4.10) 


where, H, and AH_ are even and odd part of H respectively. And we can neglect 
the discussions concerning the even part, so we will consider about the commutation 
relations between odd type Hamiltonians. Suppose that 


Fy ~ (ry Mer 


pa nl act (4.11) 
then by the commutation relations (4.8) we get readily 
A P)HI(Q) = eH/(Q)H (P), 
where 
ge (— 1) emanate (4.12) 


So that the necessary condition for the vanishing of [H.(P), H/(Q)] is given by 
the following equation : 


yn + rng +++ =O, (mod. 2). (4.13) 
Two types of decays which do not satisfy (4.13), i.e. 
nyt! +r! +» =, (mod. 2). (4.14) 


shall be called “ incompatible pair ’’, 
Suppose that H_(P) is expressed by 


H(P)=DH(P), (4.15) 
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then the commutation relation (4.10) requires 


[4.(P), H'(Q)]=9, (4.16) 


for each pair of elementary processes because of the independence of the wave 
functions. Thus from (4.16) and (4.13) we can conclude a restriction rule for 
decays. 


(F) By the super-many-time theory, incompatible pair of decays can never 
exist. 


As the application of this conclusion (F), let us test the compatibility of 
meson decays. Now consider 


1S Sf aD (i) 
poe +t», (ii) 
then we see that 


SM v7! =1x14+0x1+4+1x2=1, (mod. 2) 


tL Gi vy 


‘ 


therefore (i) and (ii) are incompatible. 
In order to improve this incompatibility, the following modification of (ii) is 
considered eo 


Popp be +, ak Katy 
where 4 stands for a neutral ~-meson. For the combination of (i) and (ii’) 


St nn!’ =1x1+0x14+0x1+1x 1=0, (mod. 2) 


ee 
pL Vo £. vy 

In such a case, we can make another modification which is of a more general 
type, that the wave functions of some different kinds of Fermi particles must 
anticommute with each other in contrast with the ordinary one that they must 
always commute. This is a generalization of Pauli’s exclusion principle, and the 
particles with anticommuting wave functions have to be regarded as the different 
states of the same kind of a Fermi particle just as the proton and the neutron 
states of a nucleon. 
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§ 1. Introduction 


The extensive air shower is a phenomenon with the greatest energy in nature, 
‘and thus it is of much interest to see whether the current theory is still valid in 
such an extremely high energy region. We have seen in our previous analysis of 
cosinic-ray underground” and bursts,”*» that the quantum electrodynamics and the 
model of mesons are valid up to about 10% eV. To advance our study to much 
higher energy region, we revise our previous work® under the light of the recent 
development on this problem. 

In this paper, we treat mainly the behaviour of the electronic component, 
which is the main part of an air shower. Calculations are made for the density- 
frequency relation, the altitude variation and the directional distribution. These 
characters of a shower will mainly concern with the electromagnetic process, and 
should be examined first, since the electrodynamics is supposed to be based on 
more reliable ground than others even in such a high energy region. The lateral 
structure of a shower, especially in the vicinity of its core, will have to do with 
the nuclear interactions, and will be treated in the subsequent paper. 

The most works performed by various authors on this problem have assumed 
the electron primary hypothesis. Although they have got much success to explain 
the general behaviour of the electronic component, this may not always be con- 
sidered as the proof of the electron primary hypothesis”. This hypothesis can be 
disproved, for example, by considering the structure of a shower core,” as will be 
discussed in detail in the subsequent paper. Furthermore, the behaviour of the 
penetrating component in a shower can be well understood only by assuming 
protons as well as heavy nuclei as primary rays. Thus we put forward the 
analysis based on the proton primary hypothesis and inquire about the origin of 
the electronic component. 

First we will estimate the fraction of the energy of the primary. proton, which 
is given to the electronic radiation (§ 2). We consider the two plausible processes 
for the production of the electronic rays in nuclear collision, one of which is the 
y-decay of a neutral meson and the other is the charge exchange process*®. Then 


*) It is regrettable that most of American authors misunderstand the charge exchange process, which 


is only effective in the high energy region, but hardly effective in so low energy as the 
production of artificial mesons. 
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we calculate the cascade development of a shower analytically as far as possible, 
adopting the appropriate magnitude of the cross-section (§ 3). The size-frequency 
relation and altitude variation are obtained from this calculation, leaving some 
physical parameters undetermined (§ 4). Finally, we check the error in the above 
approximate treatment by the numerical calculations. Numerical results are 
compared with the recent experimental data (§ 5). 


§2. The Energy Transported into Electronic Rays. 


One may imagine that the primary proton with the given energy will make 
rather smaller shower than the primary electron with the same energy, since the 
primary proton can give only a fraction of its energy to the electronic component. 
This will be true for a shower at its maximum position, where the size of a 
shower is approximately determined only. by the ratio of the energy given to 
the electronic component to the critical energy of air. Here, we must remark the 
following points : 

1) Most of the air showers observed at the lower altitude, however, are 
supposed to have already passed their maxima, if they originate from primary 


electrons. 
2) Primary protons will emit electronic radiation by the nuclear collision at 


the atmospheric depth of the order of the mean free path for collision. 

3) Almost all the authors have referred the primary spectrum adopted by 
Heisenberg”, which has turned out to give much smaller intensity than the recent 
experimental value. 

These effects may make the primary proton hypothesis to have sufficient 
frequency of showers against the above supposition. To see this situation, we 
must estimate first how much energy the primary proton gives to the electronic 


component. 
It is experimentally confirmed that the nucleon component decreases as exp 


(—J/A) where the absorption mean tree path A is ~125g/cm’. This may allow 
us to assume the following exponential decrease of the energy # of a primary 
proton through the atmosohe:e, considering that the energy spectrum of the 


nucleon component does not seem to change drastically. 
E=E, exp (—a). (1) 


The absorption coefficient @ is connected with the above meen free path A by 
a=1/AA (2) 
~1.8. The above simplifica- 


“where 2 is the index of the primary power spectrum, 
t may be a good 


tion neglects the multiplication of the nucleon component, bu 
approximation as far as we are concerned only with the energy transported into 


electronic rays. 
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For later convenience, we use the radiation unit of air, 36g/cm*, as the unit 
of atmospheric depth. Then the numerical value of a is 0.160. Ail the energies 
are measured in the critical energy of air e,=86 MeV. Furthermore, we use the 
following variable Y, instead of the energy &,. 


Y= (&,/€;) (3) 
The primary energy spectrum is written as 
F(Y,)=A4 exp (—2%) (4) 


As for the possible mechanisms of the production of electronic rays, we consider 
the 7-decay of a neutral meson and the charge exchange process. 

The charge exchange process gives the probability per radiation unit for 
pnoton production as follows”, 


a(Y, y)dy=o,k Vay, 


2.4"3 
137% 


(5) 


F=% 


)\=6.20 x 107%, 


Y and y correspond to the energy of the primary nucleon and of the emitted 
photon, respectively. % is the probability for charge exchange in a nuclear collision 
and is left undetermined. a, is the mean free path for a nuclear collision which 
we assume here to occur with the geometrical cross-section of an air nucleus. 
Now we estimate the energy transported to the electronic rays through the charge 
exchange process as, 


[ etortoyk( ¥y—al) dlne3.9 x 10-&(¥,—1), (8) 
0 


For the primary energy 10" eV, i.e. Y,~16, this becomes about 5842. 

While, we know only little about the production rate and the life of the 
neutral mesons: The analysis on the “#-meson spectrum” shows, that the contribu- 
tion from the neutral meson is the same order of magnitude as (6) putting 4=1, 
if we assume the sufficient short life and the symmetrical meson theory. 


§ 3. The Size of Extensive Air Showers. 


We will calculate the cascade development of a shower from the charge 


exchange process, for we can give the explicit expression of the cross-section only 
for this process. 


From (1) we can express the decrease of the energy of a proton as, 
Y=Y,—al, | (7) 


The probability that this proton produces a photon with energy between y and 
y+dy is given by (5). Then the size of a shower at depth 7 is obtained as, 
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Yo-a(l—l/) 


(Yo, £) =oyb {al ¥,— a2) | dy COL), (8) 


where C(y, 2’), the cascade function, means the number of electrons in a shower 
with incident energy y after traversing J’. 

In order to evaluate the integral y» 

(8), we make use of the following 

character of the cascade function. 

The value of C(y, /’), as represented 


‘in Fig. 1, has a peak along a line / 
y=l'. The integral region of (8) 
is surrounded by two coordinate axis 
and two lines, y=Y,—a(/—/’) and 
l'=l. We shall modify this region 
and change the order of integration. 
For Y,</4, we may replace the 
boundary line y= Y,— a(/—/') by 
the line which is parallel to /-axis 


y= Yo—a(l—l) 


and passes through the crossing point 


vi 
ay a iad. The. Ag Aa a 
coordinate of this crossing point is nee eR oe ar ie fae 
y=l=Y,/(1—a) —al/(1—a) = 1.190 Y,—0.195¢. (9) 


Then we can first integrate over /’. Here we may extend the upper limit of the 
integration to infinity, since the upper limit 7 lies beyond the maximum foint of 
the integrand. 

The error introduced by this approximation can be estimated as follows. For 
simplicity, we refer to the cascade theory of Heisenberg”, in which the ionization 
loss of an electron is neglected. The integral from 0 up to infinity is 


[acon i") =0.437 ‘exp y. (10) 

0 

While the integral to J,4,, which corresponds to the maximum value of C(y, 2), 
is 


Lat 5 
| QILG: (, ue) YY ps CY, panies = ee 
° 2 2 


V 1027 exp J (11) 


Here we use the relations C(, Jnaz) = 0.13 exp Il Ina, 2d by, = 1.02 7. 
For 7,=16, 
(10) /(11) ~ LA. (12) 


Thus our approximation is the over estimation at most 40%. 
Once our approximation is justified, we perform the integral (8), using the 
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. ° 1 ro; . . . 1 
more exact formulas’, which include the effect of ionization !oss, 


fae eal aes (13) 
and 
[acc y, L)=(1.01y+0A4) exp y- (14) 
Then we get 
Ny 1) = o,¢{ 2 — 0.614 exp {ae ag Sieg} (15) 


Inserting the numerical value for a, this formula is approximated by 
N(Y,,/)= exp {1.19 Y,—0.19/—3.0}, (16) 


while in the case of the electron primary, we get the corresponding formula 
N(¥qt) = exp {2v yf —l—-Flnl — 1h. (17) 


Comparing both formulas, we see they are in agreement within the factor 2 in the 
neighbourhood of /=20. Thus our expectation mentioned in §2 is proved. 


§ 4. Size-Frequency Relation and Altitude Variation. 


We obtain the density of electrons at the distance r from the shower axis, 
by multiplying the size V(Y,,/) with Moliere function M(/, r), 
4(Y,, L4YH=NCY,. OMG $v). (18) 


Here we assume that the functional form of A/(/,r) does not depend on the shower 
age and adopt the analytical form derived by Bethe™, 


Mi, r)= (0.45/rr) (1+4r/r) exp {—4(r/r)**}. (19) 
The average spread ry depends on / as, 
r=r,(28.6//). (20) 


r>=74m is the value of r at see level, /=28.6. 
Introducing (15) into (18), we get 


4(Y,, 4, r) =0,4{ (Y,/P)—0.6la—all } exp (—al+ Y,/P)MU, r), (21) 
where we use the abbreviations 
a/(1—a) =a'=0.195, 
(22) 
l—a=P=0.860. 


To:solve -Y, ini (21) taswar.functionted 4,/ and x, a slowly varying pait 


(V,/P)—0.6La@ is replaced by the value at 72*=20 and we get, 
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Fo {0 H't/(ayb)? (L*—all)?} (d/M)?. (23) 


Then we obtain the integral density spectrum by substituting this relation into 
the primary spectrum (4), 


F.(Y)=A(o,k)"(1* —all) te" (M/ 4)", (24) 


where 
pee Pie 1b (25) 


represents the index of the power density spectrum. 

To compare with observations we must average over y and integrate over 
the falling direction of showers. For the former process we have only to evaluate 
the integral 


| 2ardrart = 1.38/72" 
0 
438 (1/28.6)°O 9 (26) 


In the next integration, we neglect the variation with 7 in (24) except for exp 
(—a'yl), and we approximate the integral over zenith angle as 


o Jaf! 
ee ee 
DQ 


NEE exp (—a’7/) x (slowly varying part). 


Finally we get the frequency of extensive air showers at depth Z with density 
greater than J as 


H(4, 1) =22A(o,b)* (0*— al) e/a 
— 1.35 x 10+Az (20.0—0. LOL te ae Ar, (28) 


Formula (28) tells us the following behaviour of extensive air showers. 1) 
This density spectrum’4~* is in nearly good agreement with the experimental one. 
It means that the primary power-law spectrum (4) is fairly good. 2) The index 
y of the power spectrum (26) is the constant given by (25), whereas the ex- 
perimental value of this index seems to vary slightly with both density and 
altitude. The constancy of the 7 results mainly from the approximation (22) to 
(23). 3) The altitude dependence is mainly governed by the factor exp (—a’7/) 
=exp (— a) = exp (—2/A) which is the same as the absorption of primary 
protons. This means that the shower is in equilibrium with primary protons. 
Such situation will be realized only at lower altitudes. 

The absolute intensity at sea level can be expressed from (28) as, 


Hd, 28.6) =K/d". (29) 


The value of the constant A is largely dependent on the absolute intensity of 
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primary rays, 4. If we adopt 


A=1.32 x10" drm, (30) 
following Hayakawa and Nishimura for A=1.8", K turns out to be 
K=1.19 x10" fr, (31) 


provided £=1. This value is twice as large as the most accurate experimental 


value of Cocconi and Cocconi Tongiorgi””, 
K=ti0x 10 2. (31’) 


We do not consider the case A=2.0, because this value of 4 gives too steep density 
spectrum. If we adopt Heisenberg’s spectrum”, i.e. A = 1.15 x 10°, however, this 
results in too small value A=1.04x 10°. This discrepancy can not be improved 
even in the case of electron primary hypothesis, as mentioned by Williams™, and 
it means that Heisenberg’s spectrum is not correct. 

Here, we have assumed the undetermined parameter 4 as unity in the charge 
exchange process. The probability for charge exchange, 4, may be smaller than 
1. If this is the case, we must seek the main mechanism for the production of 
the electronic-rays other than this process. For example, the decay photons from 
neutral mesons may be the 
main part of the electronic 
component. It is a very 
interesting problem to inquire 
about the cross-section for 
meson production and the 
life-time of the neutral 
meson, which are capable 
to explain the frequency of 
extensive air showers. We 


aw 


see from the above analysis, pl 
Oo cit 

that the contribution from fir 

the neutral mesons should = ko 
4 k* 


be the same order of mag- 
nitude as from the charge — 
exchange process for s=1. 
Moreover, the probability 
for meson production must 
gradually increase with the 
increassing energy of an 


Ke 


-— ~—s_ Analytical calculation 


Numerical calculation 


incident nucleon, since the 
contribution from the former 2 " 
process is slightly smaller 


20 BT 23 


Fig. 2. Altitude variation of shower frequency. 
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than that from the latter in the moderate high energy region and cross-section 
for the latter process increases in proportion to Y,. This will be realized by the 
fact that either the multiplicity of produced mesons increases, or the meson 
producing ability of recoil nucleons becomes effective, or both. 

The altitude variation (28) is compared with experiments of Williams’ by 
ionization chambers and of Cocconi e¢ a//™»™, Hilberry™, Kraybill e¢ al, Ise 
and Fretter’ by counter trays (Fig. 2). 
(700 g/cm’). 

As is readily seen, the calculated variation is too steep, probably because of 
our rough approximation, especially in the interchange of the order of integrals 
and the extension of the integral region. Such a fault will be improved by 
numerical calculation in the next section. 


We normalize the intensity at /=20 


§ 5. Numerical Calculation and Its Results. 


The calculation in the preceding sections is convenient to see the general 
behaviour of extensive air showers, but not responsible to represent the detailed 
features such as the variation of 7 with density and altitude and the altitude 
We discuss qualitatively what sorts of modification will ta e place. 

For showers with great density, the primary 
energy responsible to them will be very large 
and sometimes the showers will not yet reach 
their maxima at the observation station. Then 
the frequency for larger showers may be smaller 


variation. 


Frey fhy 


10 
than that expected by our approximate treatment. 


Such situation will be more effective for higher 
altitudes and will make 7 larger for larger density. 
In order to make sure of the above discus- 
sion and to get the good altitude dependence, we 
perform the numerical calculation. Firstly, formula 
(8) is integrated numerically. Secondly, it is 
solved with respect to Y, graphically. Lastly, the 
integrations over 7 and zenith angle are performed 
numerically. Thus we obtain H(4,/). 


The density spectra at sea level (J=28.0) and 
at mountain elevation (=20) are represented in 
Fig. 3, compared witn the experimental date of 
Cocconi et al”. 

The calculated density spectra are approxi- 


107" 


10 10 lus tur 


Density/m- 


Fig. 3. Density spectrum ; 


mately represented in the neighbourhood of upper theoretical, --—+~ : 
4=100m~ by Ad-* with experimental at /=28, 
rat lower ——: theoretical, —--»-: 
K=2.43 x 10? firs}, ~= 1.51, for /=28, experimental at /=20, 
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K=2.18x 10! fr, = = 1.59, for 2=20, (32) 


for the charge exchange process, 4=1. We see the value of 7 gradually increases 


13) 
with altitude. The experimental values of Cocconi ¢ ar” axe, 


K=7.20x 10? Zr’, 7= 1.48, for /=28, (32') 


K=6.50 x 10° Ar, y= 146, for /=20. 


Considering the uncertainty in both the experiment and the numerical calculation, 
the agreement between them is said to be satisfactory, except a little faster 
increase of 7 with altitude in our calculation than in the experimental value. 
The variations of 7 with density 4 are given by, 
7y=1.354+0.08 log J, for =28, (33) 
y=1-3540.12 log J, for /=20. 


While, Cocconi e¢ af™ have given as, 
7=1.314+0.086 log J, for /=28, 
v= 1.26+40.099 log 4, for /=20. 


This variation of 7 with 4 explains the large value of 7 for the larger density 
measured in the ionization chamber experiment of Williams™ at /~20 and ~16. 

The altitude dependence of showers with 4 = 40m™°*, corresponding the 
measurement of Kraybill™, is given in Fig. 2 by a dashed line, comparing with 
the experimental results, where we normalize them at /=20. The agreement with 
the experimental value is better for this case than for the analytical approximation, 
as expected in §4. The discrepancy near the maximem will be due to our 
approXimation as mentioned in the next sectiort. 


§ 6. Directional distribution. 


Further knowledge about the structure of extensive air showers is obtained 
by the directional distribution. According to the electron primary hypothesis, the 
distribution is too broad™. Our calculation results in the considerable agreement 
with experimental one, as was shown in a previous note™, This result is not 
changed by the numerical calculation because larger zenith angle corresponds to 
deeper atmospheric depth. The calculated and the experimental one™ are com- 
pared at /=20 in Fig. 4. 

When we concern the directional distribution at /~8 , the calculated result 
shows so extraordinary behaviour that the vertical intensity is smaller. than the 
oblique one. This indicates that the vertical shower is too young and does not 
yet reach the maximum, but the oblique shower develops more than the vertical 
one. 

This result completely contradicts with the observation. The reason for this 
discrepancy may be due to our wrong approximation that a primary proton falls 
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down through the atmosphere without multi- 
plication. In‘reality, the energy of a primary 
proton will be imparted into many nucleons 
and nuclear mesons, by the collisions with 
air nuclei, each of which can produce electro- 
nic rays by a nuclear interaction or a spon- 
taneous decay. Thus an air shower is com- 
posed of a number of such showers with 
smaller energies and reaches the maximum 
faster than Our approximation. Such a modi- 
fication is also necessary to treat the extensive 
air shower beyond its maximum, Accord- 
ingly, the agreement between theory and 
experiment in the altitude variation may not 


be conclusive. A further reason for the 20 40 60 80. deg. 
discrepancy in the directional distribution may ny aw x ¥ 

lie in the use of Moliere function for younger pet 4 piers ap ead gases 
shower, since Moliere function is grounded Pharell ences ce blocie 
theoretically only for shower maximum, though diagram : experimental. 


confirmed experimentally in wider range. If 
there were an accurate treatment of extensive air showers in higher altitudes 
accounting for above consideration, one could definitely know their nature. 

In spite of such unsatisfactory points, we may say that the proton primary 
hypothesis is superior to the electron primary one”), especially in the altitude and 


directional variation. 
§7. Conclusion and Summary. 


The behaviour of extensive air showers is explained better by proton primary 
hypothesis. The density spectrum reflects the primary spectrum, AE, A=1.8. 
The cross-section for the production of electronic rays is explained by the decay 
of neutral mesons or the charge exchange process. If it is the former case, the 
will slowly increase with energy, and an 
indefinite constant & in the charge exchange will be smaller than unity. Of course, 
it is possible that both processes exist together. The altitude variation in lower 
altitude is mainly affected by the absorption of parent nucleons. Near the shower 
maximum, the approximation of the absorption of a single nucleon becomes wrong 
and it is necessary to consider the multiplicati 

In spite of some faults as above, we may say that (1) the primary spectrum 
can be extrapolated from lower energy regions, (2) electronic rays are produced 
h a considerable cross-section, and (3) the puentum 
is still valid for such great energy as 


cross-section for meson production 


on process of the nucleon component. 


by nuclear interaction wit 
electrodynamics for electrons and photons 
appeared in extensive air showers. 
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§4. Higher Approximations. 


If we further assume the existence of VSI”, the six coefficients A, 2, 
2, 2, @®, and y® are certainly significant. In this case the following relations 
hold : 


A=Ayt 2AM + a a +242 at o(x*), (21) 
Pn= P+ x9 +229 + 0(2). 


The proof of (21) is analogous to the case of (19). Again we have to content 
ourselves with a partial proof. Take as an approximate eigen-vector of 1, 


Wy= (142? |] e® 12) 2 Qo+2e%), (| ex Il =). (22) 
Then we have by direct calculation 
Hu LTg's, Wy) 
=1, +10 421 + 27 40(24), (23) 
&.= I (A539) en | =0(x). 
Hence we have, according to the theorem of £&. referred to, 
A =A $Hh® 4 PAO 4A +4 0(2'), 


Pu=Potx~™ +0(%), 
which are slightly less precise than (21). As before (21) are proved by taking 


better approximate eigen-vector than (22). 
These results are generalized to higher approximations as follows. Suppose 


that the quantities 
VS°VS"?V-+-VS*V@, 
(An—-1, 7,1, 400° 4+7t—V) 
containing at most 7 V’s are all existent. Then the coefficients of (13) and (14) 
are seen to be significant up to the term x” and x" respectively. It can also be 


shown that 
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(Hy —Ay— 2h — + —x"- YON). (gy+ x9 4 oe + raigt 2) =o0(2"), (24) 


. n) (n) 
the left-hand side being certainly significant. In fact, the coefficients A” and ¢ 
are formally determined just in such a way that (24) holds for each x. Hence 
if we apply the theorem of #., on taking 


n= I pu ll Wer Pe=Por APO +o +P") 
as an approximate eigen-vector of /7,, we obtain easily 
ex= Il (Het) Wx || =O), T= (Hatter Wx) 
As before it follows that 
| Ame | =0(2), Il Pa— we |] =2")- 


Clearly 7, must coincide with (13) up to the order x*"'. Also wy and ¢, 
coincide as far as x*"’. Thus we obtain 


n=Ayt Py te et +x Qer—) 4 (x), 
Ce=PytrOM $ oe IQ + 0(2"). 


More detailed argument shows, as before, that the last terms o(x") and o(z") 
can be replaced by 


CAM 40a), xo +0(x") 


respectively. Thus p.m. is in this case correct to 2n-th approximation for the eigen- 
value and to n-th approximation for the eigen-vector. 


‘§5. Degenerate Eigenvalues. 


If the eigen-value 4, is degenerate (#>1), our argument becomes slightly 
complicated, although the main feature remains unaltered. We shall therefore 
restrict ourselves to the first and second approximations of eigen-values, which 


are the most important cases in application. The conditions i), ii) or i’), ii) are 
again assumed. 


» Yom be the ortho-normal system composed of the eigen-vectors 


of H, associated -with the eigen-value 4. We assume that they all belong to the 
domain of V. Then we can construct the Hermitian matrix 


(Peon Pos)> (Ce, FHL, v1) me). (25) 
Further we assume, for simplicity’s sake, that this matrix has distinct eigen-values 
AD SAD & oe (26) 


We may assume, without loss of generality, that the matrix (25) is already 
diagonalized. Thus we have 


(Veo P05) =d,,A—?, (Pos Po3) =0,;. (27) 
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Then we apply the result of £, §3. For this purpose, we take °°, Pon 
as approximate eigen-vectors of H,. By virtue of (27) we have 


(Poi: Los) =9, 7x0» Nn Ag+ xa, (28) 
and 
Exs= || (Ax — Hri) Poi || =z || (VAP) Qo |» (29) 
According to eqs. (30) and (33) of &., we have 
m 6 7 e 
— >) a Se SS pa — i. 
j=t B—Fx; 5=1 Yujg—4 


Since all quantities 7,,—a, R—y,« have a positive lower bound d independent of 


x, we obtain 
Aye Ay FAY + 0(2). (30) 


Next we turn to the estimation of the eigen-vectors. Let ¢,; be the correct 
eigen-vectors of 7, associated with the eigen-values 24,,(2 = 1, +--+, m2). Gus are 
determined except for a phase factor since 4,; are different from each other by 
(26) and (30). Noting that (A,—4xs) Pxc=0. we have 


O=((Hn— Aus) Puts 05) 
= (Pus, (Hot xV—Axs) Pos) 
= (Pris (Ay 2A — Ane) Pog + *(1 — Eo) (V—49) P05) » 
where we used the relation 
Ey V—43”) Poy =9 


which is a direct consequence of (27), Z, being the projection on the eigen-space 
of H, associated with the eigen-value 2, (see (6)). On putting 


Ces X) =( Pues Pos)» (2, fol, =» m2), 


we obtain 


gay — 24?) a5 (2) =x(C1— 2p) Pats (V— Aj?) P09) (31) 
On the other hand, it can be shown from (29) that 
(1-4) Pna=0(2)- (32) 


This is a specialization of (7) under the present assumption that Vg (2= 1, «+, 
m) exist. From (31), (82) and (30) we conclude 


Cy(x) =0(x) for 2 #7 
and, combining again with (32), we obtain 


Pus= Lot o(*), (33) 
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provided $,; are properly normalized. 


On using better approximate eigen-vectors, we can improve the result as 
before and show, under the same assumptions, that 


dea FIP + PIP + O(%) , (34) 
Pus = Poet 292 +9 (%) » 
AP = — (SV Go» Vera)» 
G9 = — SV eoe+ Sl VEq)'SV Gee - 
Here S is defined as before by (17) ; S; is given by 
SHE UP Peren 
iri 


P.,; being the projection operator on the one-dimensional space [¢]; & is used 
above and 
£y= & Peron 

holds ; finally (VZ,)* denotes the adjoint of the operator A, which is shown to 
be dounded. Of course (34) are in agreement with usual formulas. 

Thus p.m. is valid to the 2nd approxtmation with respect to the eigen-values and 
to the 1st approximation with respect to the eigen-vectors provided Ve _(i=1, ---, m) 
exist. 

Higher approximations can be treated in similar manner and lead to results 
corresponding to those of § 4. But it will not be necessary to state them in detail. 


§ 6. Conclusions and Examples. 


1) Our results can be summarized as follows: roughly speaking, p.m. gives 
asymptotic series tn ascendi ¢ power of x which are correct so far as the coefficients 
can be calculated by means of operations within the Hilbert space. It is important 
to note that this was established independently of the convergence or divergence 
of the formal series. In fact, it is rather usual that the series have only finite 
significant terms. 

On the other hand, p.m. can often lead to fallacious results if the restriction 
just stated is violated In some cases the mishap is revealed by the occurrence 
of the so-called divergence difficulty (some coefficient becomes infinity), but this 
is not always the case and one is exposed to the danger of obtaining spurious 
results. Also the occurrence of the divergence difficulty does not necessarily mean 
that the eigen-value is really infinite or non-existent. It simply indicates that 
-p.m. is not applicable to that order of approximation. 

AS an example, consider the eigen-value problem relating to the vibration of 


a uniform string with small rigidity and with both ends clamped. On choosing 
appropriate units, the differential equation is given by 
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ce =x af +4g=0, OX x <1) (35) 
with boundary conditions (abr. b.c.) 
g(0)=¢' (0) =¢(1)=¢'(1) =0. (36) 
In order to apply p.m. we have to put 
H,=—d?/de with bc. g(0)=¢(1)=0, (37) 
Pad fax with b.c. (36). 


It is easily seen that the operator H,+zx/7 with b.c. (36) is essentially self- 
adjoint if x>0, but this is not the case for x=0, for b.c. (36) is too strong for 
the 2nd order differential operator —d°/dx*. Thus the condition i) of §2 is not 
satisfied. But both H, and V are positive definite, so that the Friedrichs extension 
(see §2) of H,+*V is defined and shown to coincide for x = 0 with A, with 
just the above b.c. (37). This is the mathematical reason why the particular b.c. 
(37) should be chosen for A, although this is rather evident from the physical 
intuition. Thus the condition i’) of §2 is satisfied. Also A has pure point 
spectrum consisting of eigenvalues 


A,=0, (1=1, 2,000 s 


so that the condition ii) is also satisfied .(see the case B) of §2). It follows 
from §2 that p.m. is valid at least to the 0-th approximation, ie. the eigen-values 
and eigen-functions of (35) are continuous with respect to x at x=0. 

But higher appioximations than the O-th order are not valid. The eigen- 
functions of H, are given by 


Q,=V2 sin utx, (n=l, D wisinse iy 


Since these functions do not satisfy b.c. (36), the operator V cannot be operated 
on, %. Hence Vg, are not existent, and our conditions for higher approximations 
of p.m. are not satisfied. 

In fact, the w-th eigen-value 2,(x) of (35) has the form 


A(x) 70? + 4n?n'xt +0(x), 


as was shown by Rayleigh". Thus it is clear that p.m. is in this case applicable 
only to the 0-th approximation. 

Nevertheless, if we applied the formulas of p.m. quite formally, ignoring the 
fact that Vg, does not exist and operating the differential operator V = a*/dx" 
formally on ¢,, we should obtain finite coefficients of x, # etc. in the formal series. 
But this series is, of course, meaningless. This example will be sufficient to show 
that our conditions are by no means superfluous. 

2) As we stated in § 2, the assumptions i), ii) or i’), ii) are not very 
restrictive. But as ii) is rather complicated, it is desirable to replace it by weaker 


condition. 
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Now it is possible that, although ii) is not satished wken H, is considered in 
the whole Hilbert space, it is’satisfied in each of invariant subspaces of the latter 
(“‘invariant’’ means that they reduce“? the operators H, and I’). In sucha 
case, our theory can be applied in each subspace separately, and the applicability 


range of p.m. is considerably extended. 

As a simple example, we shall refer to the Hamiltonian operator of the 
Zeeman effect of the hydrogenic atom". Hete these invariant subspaces are 
those in which the magnetic quantum number takes on definite values. 
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Note added in proof: The reader will have noticed that there has been a gap in our system of 
sufficient conditions given in § 3-§5. Namely all of them had in common the property that they give 
the expansion of eigenvalues up to eve orders of approximation, and there was no theorem giving an 
expansion up to an odd order. 

Recently we have succeeded in obtaining such theorems. For instance in the non-degenerate case, the 
expansion cf the eigenvalue is shown to be valid to the first approximation if, under other conditions of 
general character, the formal expression AY =(F gy, go) is finite when interpreted e.g. as an integral in 
the configuration space (even if /gp itself does not exist). With these supplements, our system of condi- 
tions may be considered as complete. 
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Resumé. In order to examine the accurancy of Houston's method of approximation for calculating the 
frequency spectrum of crystalline solid, the approximate frequency spectrum of square lattice obtained 
from this method is compared with the exact one obtained from Montroll’s method. In the neighborhood 
of the origin the curve obtained from Houston’s approximation agrees rather exactly with the accurate 
curve, while its slope becomes too steep as the frequency approaches the first peak. The portion of this 
approximate curve to the right of the first peak has no physical significance. The frequency distribution 
function consists of two or more analytically different parts. If we try to apply Houston’s method to 
such parts separately, the frequency distribution function without spurious peaks will be obtained. And 
it is of importance to investigate the topological properties of the curve of equal frequency in Brillouin 
zone for the purpose of carrying out the calculation according to this method. 


$1. In recent years, there appeared three illuminating theories of the frequency 
spectrum of crystalline solid based on the Born-von Karman model, two by 
Montroll and one by Houston. First, Montroll” reduced the calculation of the 
frequency distribution function to the so called moment problem in. statistics, 
where moments are given by the trace of the products of the matrix in the eigen- 
wert problem as H. Thirting” already found. This method of approximation for 
the frequency distribution function, hereinafter referred to as Thirring-Montroll’s 
method or tracemoment method, gives the mean approximation in the sense of 
the least square method, but not the local approximation. And calculations of 
moments of higher order necessary to obtain the more accurate distribution 
funntion are tedious. Secondly, Montroll® gave the exact solution for the square 
lattice, according to which the distribution function has two points of logarithmic 
infinity. But, it seems to be difficult to extend Montroll’s exact solution to three 
dimensional lattices, although it is desirable. Hereinafter Montroll’s paper 
concerning his exact solution is referred to as M2. Finally, Houston” developed 
one approximate method, where unknown solutions of the secular equation are 
interpolated from known’ones of the particular directions in Brillouin zone along 
which we easily obtain solution of the secular equation. This method of appro- 
ximation, hereinafter referred to as Houston’s method, is easy in calculation, but 
has unfortunately spurious peaks. In spite of its defects, it seems to have some 
convenience because of its simplicity. Therefore, we consider it is worth while 
to inquire the nature of Houston’s method of approximation. 
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S. Huzinaga” investigated the validity of Houston's method of approximation 
for the case of simple cubic lattice in the limit of 7=0, where the interaction 
between second nearest neighbors vanishes, obtaining the conclusion that Houston's 
approximation does not give a good result in this case. 

We shal! here discuss Houston’s method of approximation with regard to the 
square lattice in the case of c=1/3, where the interaction between the first 
nearest neighbors is four times as that between second nearest neighbors, because 
the result obtained from this case can be compared with Montroll’s exact solution. 
Thus, we shall have some informations about the nature of Houston's method of 
approximation in three dimensional cases by analogy with that of two dimen- 
sional ones. 

An attempt is made to salvage Houston’s method of approximation for the 
square lattice, and the frequency distrioution function obtained from this attempt 
is in good agreement with Montroll’s exact solution. It is desirable to extend it 
to three dimensional lattices, such as simple cubic, body-centered cubic and face 
centered cubic lattice, and to compare them with the distribution function of 
simple cubic lattice calculated by Blackman” and Montroll,” of body-centered by 
Fine” and Montroll,” and of face-centered by Leighton® respectively. 

In the last section, we shall consider the usefulness of Houston’s method of 
approximation in connection with the thermodynamical quantities, in contrast with 
the usefulness of tracemoment method. 


§ II. Let us consider the square lattice consisting of WV? atoms of mass J/, and 
satisfying the Born-von Karman’s periodicity condition. 
The frequency spectrum {»} of the lattice vibrations of the square lattice is 
determined by the secular equation 
A($1, %)—4 VM B(Y:, $2) | =0, (1) 
BOY $2) A( Po, 9) —4e¥M 

where 

A(Pn 3) =2u(1— cos 9.) +47(1— cos ¢, cos ¢,), 

B( 91, %.) =4y sin ¢, sin g, , 
when ¢, and ¢, are the coordinates of the reciprocal lattice point varying from 


0 to 2z, and a is the restoring force constant between first nearest neighbors, y 
the one between second nearest neighbors. 


_Now, we transform the rectangular coordinates (¢1, $2) to the polar co- 
ordinates (7, &) determined by 


Y,=rcos¥, g,=rsin’. 


Then, solving Eq. (1) with regard to 7, we obtain 


r=y(d, ») (2) 
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which represents a curve in the reciprocal lattice space, if » is kept constant. 
We call it the curve of equal frequency. 

The secular equation (1) and accordingly the curve of equal frequency remain 
invariant under the rotation of 7/2 and the transformation: J-+—d. Hence, Eq. 
(2) can be expanded in the following Fourier series: 


pay Oy) = (3) 


Let A(»,) be the area circumscribed by the 9,- and g,-axes and the curve of 
equal frequency for y=»,, then we have 


A() Seah ei v,) Pad . 


Substituting the expansion formula (3) into this expression and making use 
of the orthogonality relation, we obtain 


Ay) =F [ae +0 (4 


The frequency distribution function /(¥) is, then, obtained by the differentiation of 
A(») with respect to v: 


ST) =a| a 2503 x a(v) oD (v) | , 


where Eq. (4) is devided. by the square of 7 in view of the normalization of 
fl). To obtain f(%), we must calculate {a,(v)} which are formally expressed 


by 
4. ae | 2 , 
an(¥) =| 7(b, v) cos 4ndd0 . (5) 
™ Jo 
To determine these Fourier coefficients, according to the similar consideration as 
used in the Houston’s theory, we solve the secular equation (1) along the lines 


¢,=0 and 9,=%>, and obtain @,(v)’s from these solutions by making use of Eq. 
(3), where a,(v)’s are retained only up to the second. Thus we have 


fs =71(0, v) +4(7/4») 


a) =311@, )— 47/4»), 


(9) 


where 7(0, v) and y(7/4, ») are respectively the solutions of Eq. (1) along th 
directions of g,=0 and ¢,=¢%., Substitution of these equations into Bay (3) lends 
to the approximate expression of the curve of equal frequency. Similarly, the 


distribution function /(¥) can be written in the foim 


fey =(42)-| 200, v) ae) + yln/a, yer 2? | 
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Since the secular equation (1) has two real positive roots, there exist two 
frequencies which correspond to one point in the reciprocal lattice space. Then, 
for the convenience’ sake, we consider two different lattice spaces on the analogy 
of the Riemann surface in the theory of complex function, so that every point of 
each space corresponds to one and only one frequency. Then, there exists only 
one curve of equal frequency in each space for the definite frequency. We 
call one whose spectrum extends over large frequency region the first branch, and 
the other the second branch. Taking the mean value of the distribution functions 
for both branches, we shall obtain the distiibution function from Hous on’s 
standpoint. 

Houston expanded the distribution function in spherical harmonics directly, 
but our formulation is more essential, and it seems to be advantageous to criticize 
Houston’s method. 


§ IM. Let us introduce, after Montroll, two parameters, t+ and s, defined by 
Qy/a=(1l—r)7r, and s=2{M(1—r)?/a}", or s=v/v,, 


v, being the maximum frequency, so that s satisfies the inequality O<s<1. The 
solutions of the secular equation (1) along the directions g,=0 and ¢,=¢, are 
respectively written in the following forms. 

Ist branch : 


¥,(Uys) r=2 sins, (8) 
7,(2/4,s); r=2V79 sin ( —— )a-o] , (9) 
where Q=[1—167 (87 +1)7s*]"?; 
2nd branch ; 
eC O)s y==2 sin™ [r-“*s] , (10) 
%2(7/4,5):  r=2VQ sin [(1—r)-**s], (11) 


where we use the relation: r= /2¢ along the direction %,=¢%.(=¢). 


If we set r=1/3, and calculate a,(s)’s for x=0, 1, the following expressions 
are obtained : 


(a) Ist branch; 
a(s) =2 sins +279 sin] ~ (i—9)""| 


a(s)= sints— VW sin] 73 el —9)'"| , 


where Q= (1—4s° /3)¥2 


Then, the curve of equal frequency can be expressed by 
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r=,(0, 5) 
= sin s4/ 2 sin” {~2.d-9) | 
+ {sin“s— AO Bia (1 —0)'" eos 4d, 
and accordingly the distribution function in the first branch f,(¥) is given by 


in-? | “3 1/2 
ZS 1 GES IEE 4 are a 


(13) 
(6) 2nd branch: 

r=1(9, s) 

= sint1V3s+~72 sin a8 s+ {sin?/W35—V 2 sin" v3/2 s}cos 40, (14) 


€ 


and 


d == (sinTev3 5 ) Ayrains (ABD s 
Veta spaan ‘| v3 eee Seen” rE tl 1D 
fe) G=3 58)" ‘ (i—3 3/2) eo) 


We then have the distribution function averaged over both branches, namely 


FEY=FAY) + 2) » 


This is the distribution function deduced by Houston’s method, and is plotted in 
Fig. 1. By’comparison of this figure with Fig. 1 in M2, we see that the first 
and third peaks are in accordance with exact one, but the second and fourth ones 
are spurious. And that, even if we smooth out these spurious peaks moderately, 


the real distribution function cannot be 


Actually, on the right side of the 
first peak the density of frequen- 
cies is poor as compared with 
the exact solution. 

We can clearly understand 
these circumstances, if we plot 
the distribution functions /,(s) 
and f,(s) separately (cf. Fig. 2). 
As compared with Figs. 6 and 7 
ia M2, the distribution function 
of each branch reproduces the 
exact one to some extent up to 


reproduced by this distribution function. 


the first peak, but the rest portion 0 65 Mi Vava7t 10 
L 
of each distribution function 1s Fig. 1. The distribution function calculated by 


very far from the exact one. [ouston’s method (r= 1/3). 
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Next, we will investigate the 4 
curve of equal frequency which 
are computed by Eqs. (12) and 
(14). These are plotted in Figs. 3 
and 4. Fig. 3 shows a family of 
curves of equal frequency in the 
first branch, and should be com- 
pared with Fig. 5 in M2. Al- 


though the nearer the frequencies : f 
Ist branch)} 


* fd”) 
2 


approach s= V3/2 the approxi- 
mations of curves of equal fre- 


quency become the less accurate, 
they reproduce the actual situa- 
tion to a certain degree of ap- 


0 05 V4, 


- ¥/M~_ 
Fig. 2. The distribution function in each branch 


; ; é calculated by Houston’s method. (r= 1/3). 
proximation. But, after crossing 


s= 3/2, it is impossible to plot a curve of equal frequency from the adjustment 
along these two directions, because there exists nO point belonging to the first 
Brillouin zone beyond ¢,=72. In spite of this circumstance, according to Eg. (13), 
the distribution function has the remnant due to the first term in the right 
hand side of Eq. (13) beyond s=V3/2. It is equivalent to the rate of change 
of areas circumscribed by the dotted 
curve in Fig. 3. But these curves of 
equal frequency are entirely illusory, 
and so the distribution function loses 
the physical significance beyond s= 
V3/2. In the second branch, these 
circumstances are invariable, and the 
distribution function is transformed 
into a meaningless one beyond s= 
1/3 at which the first peak occurs 
(cf. Fig. 4). In Fig. 4, the fictitious 
curves of equal frequency which extend 


along the direction g,=y, have been 
omitted. 


SIV. From the discussion made above, 0 
we have known that the distribution ; 
function of each branch by Houston’s ae ae SRE. Gel Poa 

roe ; Pi rst branch computed from Eq. (12). The 
method is entirely fictitious beyond 


dotted curves are fictitious ones. 
the first peak, but reproduces the 
actu 


al circumstance to a certain degree of approximation up to the first peak. 
-et us inquire the accuracy of Houston’s approximation. On the one hand, 
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expanding Eqs. (13) and (14) in a power series of s, we have 


vp f(s) =2n7"s (1 +: aee 2 


593.4 4...) 
+ 736° + : (16a) 


5 
) 


By fo(s) = 08 “5 ( - ie 


$3shte+). (16b) ¥2 


On the other hand, according to 
Montroll’s exact solution, we have 


vp f(s) =207's (14+ 


LY 4 +) in M2 
+3445 + J2(36).in M2. 


0 Y 


v, fy(s) = Ons (1+ : t 
45 
16 

Hence, for the first branch, f(s) by Houston’s approximation is correct 
up to the s term, and for the second branch f,(s) up to s* term. 

We can then see that Houston’s approximation is rather good in the neigh- 
borhood of the origin as Houston supposed. However, as t decreases from 1/2 
to 0, the first peak approaches the origin, and hence the valid interval of Houston’s 
approximation decreases. (cf. V). But, as this decrease is as rapid as the square 
root of z, it will be ndt so sensitive to the value of c. The case tr=0 discussed 
by S. Huzinaga is the worst one for Houston’s method of approximation. 


Fig. 4. The curves of equal frequency in the 


4 second branch computed from Eq. (14). 


s+ -), (83) in M2. 


§V. The point at which the distribution function has an infinity is given by the 
singular point of the expression (2) of the curves of equal frequency defined in 
the neighborhood of the origin. Beyond this point, the expression of curves of 
equal frequency becomes different from that. Probably, this singular point corres- 
ponds to the frequency at which the point belonging to the same frequency 
vanishes along either direction g,=0 or 9,=$s- It is supposed that the condition 
described above depends upon the unique property which the directions ¢,=0 and 
~,=¢, possess. If we grant the above conjecture, it is possible to find the point 
of infinity immediately from Eqs. (8), (9), (10) and (11). 

In the first branch, Eq. (8) does not confine s because of the inequality 
0< 5 <1, but Eq. (9) confine s to the domain, in which following two conditions 


must be satisfied : 
Ves (ee PC eee (17) 
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and 
Orgs real, te, 1— 167 (37 +1)? 8°20. (18) 


We shall consider two different cases: 
(i) 7>1/5. In this case, Eq. (18) is automatically satisfied. So, s is confined to 


the domain s< (37+ 1) /4:'”. Hence, the singular point is given by 
s= (37 +1) /42"”. 

Gi) +t<1/5. The limitation of s due to Eq. (18) is given by 
s<(1—r)", 

and it is more stringent condition than that of Eq. (17). Hence, 
c= (12 

will give the singular point. 

In the second branch; we can find the following singular point by the same 
way: When <> 1/2, we have s=(1—7s)’” as the singular point, and when + <1/2, 
este 

These are results obtained from detailed consideration made by Montroll. 
Now that the expression of the distribution function of each branch consists of 
two or more analytically different parts, it is absurd to try to represent them by 
only one analytical expression. If we pay attention to thereabove circumstances, 


the entire distribution function in each branch is easily calculated according to 
Houston’s method. 


Let us consider the second branch in the same case t = 1/3 as before. In 
the domain 0OXs<1/~3, Eq. (15) gives the correct expression. To obtain the 
expression beyond s=1/“3, translating the origin of the coordinate system to 
the point (7, 7), we rewrite Eq. (1) in the form 


| 2(1+ cos 9,) + (1— cos ¢, cos g,) —6 5? sin g, sin g, 
sin g, sin 2(1+ cos ¢,) + (1— cos ¢, cos g,) —6 # 


By the same way as in II, from this secular equation, we have 


wre | g._cos™*(3s*—1) — cos 'VW37/9s 
v, f(s) = (42) | 65ST) ea) +476 es. (19) 


=0. 


where 1/V3 <s< V273; V2/3 being the largest value of s in the second branch. 
In the expression (19), as s tends to 2/3, ¥:fo(s) approaches to 6(2/3)'®z71, 
and it is in accordance with (33a) in M2. 


We can obtain the expressions of the distribution function in the first branch 
by the same way: 


sin” <a — \18 
ve f(s) =a] Sis pikicd axe Q) | — 
(l—s? 7/2 4 (Q+1/3)"—0) "0 ; OSs< V973, (13) 
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vr f(s) =f sin7's " oe sin{“3 ag)" 


sin*(R+1/4)'? 
ad—ay"* 4 (@+ip)"d—9)"0" ° 


“SRUR + 1/43 /4— R)® 


35 cos~'(5— 6s") i : — — ¢ 
“4 Bd-SGF—-2) |; R= @/4-35)"", VIBSs<vEP, 20) 
eee COScES = « cos (69—)) one : 
vy f(s)=7 E (—s)? +s ie Gees) (—s) aE V3/25sS1, (21) 


where, two additional terms in the right hand side of Eq. (20) are due to 
contributions of frequencies: whose curves of equal frequency converge to s=V2/3, 
i.e., the point (x, z), and the terms of Eq. (21) are due to the ones whose 
curves of equal frequency converge to s=1, i-e., the points (z, 0) and (0, 7). 
The approximation of Eq. (21) is not good because of the less symmetrical 
properties of the curves of equal frequency (cf. Fig. 5 in M2). As an example, 
at s=1 the expression (21) takes the value 8/z, whereas it takes 4VW3/z 
according to the exact solution; and in s=W3/2, »z/f,(s) tends exactly to 
infinity, but the value of Eq. (21) remains finite. 

The distribution functions thus obtained are plotted in Figs. 5 and 6, being 
in good agreement with M2’s exact solution.” 


§ VI. As is well known, in a certain interval at low temperatures the specific 
heats due to lattice vibrations express an anomaly from that expected by the Debye 
model. Based upon the Born-von Karman model, Blackman® found the existence 
of two peaks in the distribution function for the simple cubic lattice instead of 
one peak predicted by Debye model. What is essential with regard to the 
specific heats at low temperatures consists in more heaping of eigen-frequencies 
in low frequency region of the distribution function based on the Born-von Karman’s 
atomic model than the .Debye’s continuum one. 

The specific heat, C,, due to lattice vibrations can be expressed in the form 


wv? 


sp UL aa eee 
Cae) (exp (v/kT) —1)° ee aha eo) 


a” ayy 0) [exp(—Av/AT) +2 exp(—2lu/T) + Ja. 


At very low temperatures we have only to retain the first term of the 
expression in parenthesis, so we have, introducing ;y»/AT=6, 


0/7 
Ce) (6) exp (—A) 48, (23) 
where pEV=PPL) 
and O=/,/k. 


Therefore, the place of dominant contribution to C, is given by the point 
corresponding to the maximum value of the integrand of Eq. (23). From this 
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evaluation, we have, as a rough estimation of the place of the frequency region 
responsible for the specific heats at temperature Fi 


¢'(&)/¢@)=1. 


If we retain only one term ¥ in f(¥) (three dimensional case), we have 


as a very rough estimation. 

Accordingly, we can understand that only low frequency region contributes 
to the specific heats at very low temperatures. That is, not mean, but local 
approximation of the distribution function plays an important part in the low 
temperature specific heats. 

As the temperature rises, 
the specific heats do not become 
sensitive to the shape of the 
distribution function, but depend 
on the gzoments of the distribution. “/.4) 
The series expansion of thermo- 2 
dynamical quantities due to lattice 
vibrations in the moments of the 
frequency distribution offers a 
good approximation. But, ex- 
tending this to the low tem- 
perature region, we have errone- o 


ous results. This situation is 
: - Fig. 5. The distribution function in each branch 
invariable, when we calculate the 


(r=1/8). 


»/e, 05 1/vz Vi,V3/2 10 


thermodynamical quantities by 
making use of the distribution 4 
function expanded in termes of 
some moments. For the distribu- 
tion function expressed in terms 
of some moments does not appro- 
ximate low frequency parts from 
the following reason: the con- 
tributions of low frequency parts 
to the moments are small because 
of small value and poor density 
of ejgen-frequencies in this part, 
therefore large frequency regions 
suppress small ones. 


v, flr) 


o v/v, 0.5 v3/2 10 


Fig. 6. The distribution function averaged over 


To summarize, Houston’s both branches (r= 1/3). 
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method is useful for the evaluations of thermodynamical quantities due to lattice 
vibrations at low temperatures, while Thirring-Montroll’s method is useful at high 
temperatures. 


In conclusion, the writer wishes to express his cordial thanks to Assist. 
Prof. S. Ono for his critical reading of early drafts of the manuscript and to 


Mba, Se 


1) 


2) 
3) 
4) 
5) 


Huzinaga for his kind advice. 
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§ 1. Introduction. 


In the theory of the origin of the elements by Gamow, Alpher, and colabo- 
rators, primordial matter (ylem) of the universe, which afterwards has been 
cooled down owing to the expansion of the universe and has formed the elements 
through nuclear reactions such as radiative capture and beta-decays, is assumed 
to consist solely of neutrons. At early stages, however, of high temperatures 
(kAT= mc, 7m being the electron mass) in the expanding universe before the 
formation of the elements, induced beta-processes caused by energetic electrons, 
positrons, neutrinos and antineutrinos, in addition to the natural decay of neutrons, 
such as 


net SS pte, (la) 
tb [Pte (1b) 
n S—> ptet+ay, (1c) 


must have proceeded, their rates being faster at higher temperatures, and had a 
effect on the proton-neutron concentration ratio. At still higher temperatures 
kT = pc'(w is the mesons’ mass), where large number of mesons are expected to 
be in existence, 7-f conversion process induced by mesons would have been much 
more rapid owing to their stronger interactions with nucleons than the processes 
es by light particles. Consequently, the #-¢ ratio must have been determined 
y the rates of such processes and tho ges i i 
in the universe resus from its peat Wie a 

We shall be based on the relativistic theory of the expanding universe, which 
are shown by Gamow as having a possibility to explain the origins both of the 
elements and the galactic nebulae.? Then, the expansion and contraction rates 
of the universe at the stages of high compression are given by” 


pee ah 8x. \2 
ra ~ (Ze) 2) 


where @ is an arbitrary proper length of a volume containing a given amount of 
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matter and p the total mass density. We restrict ourselves in the case where 
radiational mass density is greater than material one, 


pal for Pm» (3) 


which is satisfied if p,,<1g/cm® at 7=10°°K, including the case of Gamow and 
Alpher where the temperature and material density at the beginning of the 
elements formation are given by 7~10°°K and p,,=10-°~10~* g/cm*. In this 
case, conservations of energy and matter give for the variations of temperature 
and material density, for 7 <Mc(M being the nucleon mass), 


T~1/l, and e,~1/e. (4) 


We shall study the changes in the concentrations of proton, neutron, electron, 
positron, photon, neutrino, and antineutrino, which are all assumed to be free, ia 
conditions of varying temperature and density which are determined macros- 
copically by Eqs. (2) and (4). It must be noticed that, when we consider a 
volume containing a given mass of matter in the universe which is isotropic and 
homogeneous, numbers of neutrinos and antineutrinos which are missed through 
the boundaries are just gained from the surroundings, and then we must take 
into account their effects on the beta-processes and on the statistics of all the 
particles in the case of equilibrium. 

In §2, rates of reactions between those particles at constant temperature and 
density are studied and it is shown that, except for the beta-processes, they are 
very fast compared with the rates of the temperature change of the universe. 
Accordingly, these particles, for instance electron pairs, can be treated as in 
thermodynamical equilibrium with radiations. In §3, rates of beta-processes are 
calculated, and in §4 we obtain equations which determine the concentrations of 
neutron, proton, neutrino, and antineutrino, taking into account the contraction 
or expansion of the universe. These equations are reduced to a simple form due 
to a circumstance that concentrations of neutrinos are much larger than that of 
nucleons in the condition (3), in §5. At temperatures higher than about 2 x LO"°K 
thermodynamical equilibrium is being continually established, but at lower temoer- 
atures induced beta-processes are largely reduced owing to lack of energetic light 
particles and there occurs a time lag in the w-f ratio departing from its equili- 
brium value, or, in other words, 1-p ratio becomes “ frozen”? when the expansion 
of the universe becomes faster tian the beta-processes. The numerical results 
show that, for the universe satisfying the conditioa (3), u-p ratio at the beginning 
of the elements formation is nearly 1:4 almost irrespective of its initial values 
as long as initial temperatures are so high (722 x 10"°K) that equilibrium has 
once been attained. Further remarks are discussed in § 6. 


§2. Rates of Processes at High Temperatures. 


Reactions between nucleons, electrons, photons, and neutrinos proceed in the 
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direction to approach the statistical equilibrium. For the sake of simplicity these 
particles are all assumed to be free. We compare rates of processes (Coulomb-, 
Compton-, and nuclear scatterings, pair creations, etc.) at constant temperature 
and density with that of the temperature change in the universe which is given 
by Eq. (2). The latter is conveniently characterized by the time during which 
the temperature changes by its order of magnitude. Putting in Eq. (2) p=aTi/e, 
we have 


| « -4 2 
rey SEIG bt Od Sehr (6) 


ai | 


In the following we consider the case where the temperature is not so high 
as to allow of the existence of mesons but is higher than that at the time of the 
elernents formation, i. e., 1O°> 7>5x 10°°K. An average life of any one particle 
for a single collision or reaction with other particles having concentration 7, is 
given by 1/von,, where wv is the relative velocity corresponding to the temperature 
and o is the cross section. Such lives for nuclear scattering between nucleons, 
for Coulomb scattering between charged particles, and for electromagnetic processes 
such as Compton scattering and pair creation between photons and electron pairs 
are found to be ‘much shorter than ct, in the above temperature range and in the 
universe in which condition (3) is satisfied as long as p,, is greater than 10-“g/cm* 
at 7=10°°K. Consequently, we can consider that these particles and photons 
obey the Maxwell’s and Planck’s distribution laws at temperature 7, respectively, 
and are in thermodynamical equilibrium with each other, apart from the concentra- 
tions of neutron and proton and the energy distributions and concentrations of 
neutrino and antineutrino, which are controlled by beta-processes having much 
smaller cross sections. 

As an important example the rate of reactions between photons and electron 
pairs is shown below. At such high temperatures electron pairs are found to be 
created exclusively by two quanta collisions 


hv+ jv! — e* +e. 


The number of pairs created per cm* per sec is given by 


BN paty — 1 ' OB (V) BY ae een 
dt =a, yn {| 2eae | fauw AF a sin S-o( av sin 5), 


BY) =e" 1), ow) =2al ) @ec-*4200+ 


°° 
ic” 


hv g 
s;=cosh@, S=sinh@. 
me 


—6C"—SC— SC), C= 


where @ is a solid angle, ¢ is the angle between the directions of propagation 


of the two quanta, and @ is the cross section obtained by Breit and Wheeler.” 
After elementary calculations we have 
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8x3 mc” iy mee i 
ANyat, pe NST OET AS Sap Arg AG » (kT €me), 
at a re ( <<) ( hc ) 4 re 9 ( 6) 
it Bay cco penne a 


9 | (og oa -1),@T> mc*). 


The order of magnitude of the time required to attain equilibrium is given by 


AN nas 
pai 5 ° : . yen ie A ° . 
hes Aen /' r where Mp, eq is the number of pairs in equilibrium which is given 


by Eqs. (7), (8) and (9) below, and this is found to be much smaller than ty, 
of the universe. Thus, electron pairs are continually in equilibrium with radia- 
tions, following the change in temperature without any time lag. 

Numbers of electrons and positrons per cm’® are given by the theory of 


statistics as 


ls 3 
a ) ad ED amr (7) 


5 fe 


gel GEA! pte 
f= 2 | BBL p= S8n( 


where 


(2 Yow{t+ Soo = + ot, (x>1), 


24 
1 ((@—1)!_ (z—2)! E 
2 py Gayeat oeok 


=mc (kT, (8) 


( 
VO ga cae? SI AY, Ga). = | 
x 


and A is determined by the condition that the total charges are zero, i.e, 
Np-—Net =p, Ny being the number of protons per cm’, 


a 


Aas sinh" {1,/ 162(=-— Pod (2)}. (a) 


In our case 4 is found to be very small compared with unity, confirming that 


degeneracies of electrons and positrons can be neglected. 


§ 3. Rates of Beta-processes. 


According to the Fermi’s theory of beta-decay, processes, which change 
neutrons to protons and vice versa and are energetically possible, are given by 
(la), (1b), and (ic). In the following, energy distributions of neutrinos and 
antineutrinos are assumed to obey the Maxwell’s law, apart from their concentra- 


tions, for the following reasons: at temperatures higher than 10°°K they will be 


in thermodynamical equilibrium through rapid processes involving the mesons ; 


in view of their motions in the expanding universe given. by the theory of 
relativity,> they obey the Maxwell’s law continually if they do initially and their 
and in our case numbers of neutiinos 


numbers do not change in course of times 
than that of nucleons, as 


and antineutrinos can be considered as much larger 
shown later. Then, their energy distributions are expressed as 
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to 
wo 
io) 


ian ti -ERT ETE , 10 
sist (10) 


where 1, and x,, are their numbers per cm’ and their rest mass Is assumed to 


Nay (E)dE= a 


be zero. 

Numbers of reactions per cm’ per sec in the leftward and rightward processes 
in (la); (lb); and (Ic) can be written as Amy, A' 2+; Ba Jig, BG 
and C7,jt,-iay C'ln, respectively. In particular C’ is the decay constant of the 
neutron. Avzpi7g, can be calculated in the following way.? The probability that 
an antineutrino of energy E is captured by protons per sec, is given by 


(LE) =(e2%p/2ehO)cp,.L,, E,=(vtt+ep.)t=E-O, (1la) 
0=Me-Ue, (12) 


where g is the Fermi's interaction constant and £, is the energy of the emitted 
positron. Then, we have 


Atnjig =| ite, (E) tay(E)AE 5 (13a) 
where »,,(£) is given by Eq. (10). For A’s,+ we have in the same way, 
w,+(E) = (g°m/20#3)E2, E,=E+O, (11a’) 
Al init = [ws (£)2,+(E)dE£, (13a’) 
where 2,+(£) is given by Eq. (7). In the same way we obtain B and B’, 
w,-(E) = (g'n,/22#A) EZ, E,=E-Q, (11b) 
ee =| (E)ne (EAE; (13b) 
w,(E) = (g°n,/22#0)cp_E., E.=E+0O, (11b’) 
Blnyny= | "20 (E)n( BA. (13b’) 


To calculate C and C’ we consider antineutrinos as holes in the negative 
energy states of neutrino, 


n+v* I> pte, 


where asterisk denotes negative energy states. The probability that an electron 
of energy & is captured by protons per sec is given by 


< — Nay / / 8z 2 
w,-(£) = (Myf AUR OG ) Lh ae TY Bay w Ea | Ba —ES (11c) 


Lyy= —£,,=E-—@Q <0 ’ 


where the last factor in z,-(Z) means the probability that the state with negative 
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énergy £,, is vacant, i. e., anti- 
neutrino of positive energy £,, is 
present. Then, we have 


Cg, = | Te (Z)n,-(E)dE . 
(18c) 


C’ for the reverse process can be 
obtained from C by the principle 
of detailed balancing, but we 
have directly 


(Le *) — (g°2,/27h'C)cp_E_, 
E-=Q+E*=Q—E,,, Clic) 


0 
Cjig= | 2,4 (E *) (87//%c*) 
mc2—Q 


logy (a4 
xB, (13c’) 
where (87//%c*) E* is the density 
of the negative energy states E*. 1.0 0.0 Gans To 
Accordingly, we obtain A, Fig. 1. 
A’, etc. as functions of temperature only, 
1 he 2 ee Ee | “ he oe 
= a, — 14 
i To an) 2 dupe ss t, 8 \4AT/ K(x ae cen 
idtbne baie Tay, nit ngpaaay ; ae 
ee are VET PR Be eemieeer 7 5 PA) i (1a) 
sarge Oe ae et ge, 7 1 A Hie ALE a, Pgh oe 14 
Gis CBRNE? Dae CAV sie ja Mil eae A ie 
where 
g=O/me*, t= 20h" / gmc, (15) 
u(x) = [er g(e—Dbydy = BE 4 Hal) +29 [A225 fh) | 
1 Us: a Pa x 
+ g K(4) 
4 
A tne 92+ = ge) —ax (lt grt ge eit (+<1) 
(2/a)P(g+le-te*+,  (2P1)5 oy (16a) 
244-°(1+ 59 + act!) — Hoes, 
Be) =le{ (y+ 91+ a) s*d= (v<1) 


29(g—l)te*8+-, (ee 1)° (16d) 
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=|'(o—9) "(PD yay. (16c) 


When we put g =2.5, 7 becomes 1.51. Values of u(x) and B(x) which are 
calculated for g=2.5 are shown in Fig. 1. 


§4, Reactions in the Expanding Universe. 


Changes in the concentrations of neutron, proton, neutrino, and antineutrino 
in the contracting or expanding universe are given by the following equations. 
Here, we consider the two cases: 

(i) neutrinos and antineutrinos are physically distinguishable, say by their 
magnetic moments, 

(ii) they are identical, say the form of the Hamiltonian for the beta-decay 
is symmetiical in neutrino and antineutrino. 

In the case (i) these equations are 


oF ie) = : (- Altytay + A’ tint — Biytte- + B' tint, — Cigtt-Nag, + Citta), (17.1) 
Pn fe Im 


$ we a = Rae ; 


i ™m 


with two conditions 


(in + tty) /Pm=1/M, and (2+ 72,—7%)/Pm=Cconstant, (18.1) 


where the relation between ¢ and 7 is given by Eqs. (2) and (4). 
In the case (ii) they are 


Ga - (rr - s+(= it be * An, Oe + bn, ne x B'n,n,— Cr yt.-Nayt C'tt,), 
(17.2) 


where upper and lower signs correspond to equations for ”, and #,, respectively, 
with a condition that 


(ttn + 2p) /Pm=1/M. (18.2) 
Introducing non-dimensional variables 
ae Ap T= Ph ts. &T 
eH Po ents o3,=niy/16x() (19) 


and using Eq. (7), above equations become, in the case (i) 
dy 
ty =a (zx) {Aye (L+y) sae-™} +8 (x) { (1—y) 2,— (14 yp) 22-24} 


FCS) Seen (20.1) 
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Rey Se=—B(x){(—y) 2-4"), 


Za —2y= (9 +1)/R +2; (21.1) 
where z, is a constant which is determined by initial conditions, and in the case 
(ii) 

dy 
12 =a(x) § {d—y)e*— (14+ y) ze” } + B(4){ (l—y)z—(1+y)e*-} 


* at 
sah UG New) eel Sav a Eanes be (20.2) 


az 
ReytZ ma(e){ JBL Seri 
with 
2M : 15 op, Me te 
r="116r (=) = Tee oe (22) 


which measures the ratio of re of photon (or, as shown later, neutrino 
and antineutrino) and nucleon, and is a very large constant for the universe 
satisfying the condition (3). It is shown in the next section that these somewhat 
complicated equations can be simplified substantially to a linear form. 


§5. Solutions for the N-P Ratio. 


First the equilibrium states are considered. If the change of temperature in 
the universe is much slower than the beta-processes considered above, energy 
distributions and concentrations of all the particles vary in accordance with their 
equilibrium values corresponding to a temperature and density at each stage. In 
this case detailed balancings are always established in all the processes, and in 
particular curly brackets on the 1ighthand sides of Eqs. (20.1) or (20.2) must 
all vanish simultaneously. Then, we have in the case (i) 


Mn/Np=(1—y) / A +7) == gh SIRT /'o, 
Zyl, and 2,—27,=(14+y)/R +2. (23.1) 


vy ~av 
In view of the facts that in our case O<(1+y) /R<2/R<1 and that, in the hole 
theory of the neutrino, ,, is the number of holes in the negative energy states, 
it will be natural to assume that ¢,~0 and to take s,~%, since 2,, and %, can 
not be both smaller than unity. In such a case Eqs. (23.1) reduce to the following 
ones which are obtained in the case (ii) : 


t,/Np==(—y)/(U+y) =e", and s=L. (23.2) 
In solving Eqs. (20.1) or (20.2) which are general as yet, we put A=0 


since A is smaller than 2x 10-4 at 7 = 10°°K even if p,, is as large as 1 g/cm' 
and much smaller at higher temperatures, as shown by Eq. (9), and further we 
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take 7,=7,,(=2) in the case (i) since they do not change appreciably after the 
equilibrium state has once been attained, as shown later. From these equations 
and Fig. | we see that times during which y and z change by their orders of 
magnitude at given high temperatures (x<1) are given by 


ty=t,/4(x), and +t,=Rr,/u(2), (24) 
respectively. At temperatures where they are both smaller than tz, given by Eq. 
(5), equilibrium states, which are considered above, will be attained immediately 
even if there are initially appreciable deviations from them. Such temperatures 
are given by 

1/x=kT/me>2 x R? . (25) 
Further, at temperatures higher than 10°°K, z will attain its equilibrium value 
much faster through processes involving mesons which are in existence in much 
larger numbers (almost the same numbers as of photons) than nucleons. 
It is shown, as follows, that we can put z=1 (equilibrium value) throughout 
in solving Eqs. (20.1) or (20.2). Expanding y and z in powers of 1/R, 

PHI tI; (R+Io/R’+++, and z=2,+2,/R+2,/R°+-- , (26) 
and equating the terms with same powers of 1/R in Eqs. (20.1) or (20.2), we 
obtain first 

adz,/at=0. (27) 

Putting z,=1 further, we have 

Todlyo/at= —{ yo—tanh (gx/2)} (1+e) (4+ 8+7), (28) 

B, in the case (i), (29.1) 

(8—a—y7), in the case (ii), (29.2) 

tdy,/dt= —I,(at+P+y) A+e™) +2,{8U—%) — (a+7) (1+%)e™}, etc. (30) 
From these equations one can see that above expansions are good approximations in 
our case where & is a very large constant. This corresponds to a circumstance 
that numbers of neutrinos and antineutrinos, which are equal to that of photons 
in orders of magnitude in the case s=1, are far greater than that of nucleons 


in the universe satisfying the condition (3). Accordingly, the n-p ratio is almost 


completely determined by Eq. (28) and there are no essential differences between 
the cases (i) and (ii). 


rolz,/dt={ yy—tanh(gx/2)}(1+e-*) x 


In order to obtain an accurate relation between ¢ and x, we must include in 
the total mass density those contributions from neutrinos and electron pairs in 
addition to that from photons. They are given by, from Eqs. (10) and (7), as 


vo 1i[) iy ude  4oe CEP & 
them lacey MM EaB = AE ON stn a2) 
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a Br (a myer 7 p27, — 487" CALM, 4 
rosa ad : L pdp= C (hc)? cp J Nf (32) 
where 
“haa +: m@<il yy 
7@)= (AS) s(#) +A co (33) 


Bie 2) norte ye), (x>1). 


Since x-p ratio is mainly determined in the region x<1, we put in further 
calculations /(+)=1, and 2=0O as before. Then, the total mass density 1s ex- 
pressed as 


p=(14+r)aTi/c, (34) 
he 90 /x4 in the case (i), (35.1) 
r= F 
3 x 90/z! in the case (ii). (35.2) 


From Eqs. (2) and (4) we obtain 


ieee ey eaeice yf tase wt yA 
Boe ipedn noel oen G24 ry) "= 6.6(1+7) “asec. (86) 


Then, Eq. ae becomes, omitting a suffix in y, 


——s Sex (1 +e”) (a(#) + B(%) +7) (tanh 2 5 ay), for 150. (37) 
Using a Pnttion with an arbitrary constant %,, 
F()= 2hn/to) [| Lt) (u(a) + 8(2) $7) 2d, (38) 


general solutions of Eq. (37) are written as follows: 
in the case ¢<0, i. e., the universe being contracting, 


y(4) =y-(4) + AM, 


y-(2) Shel aha = tanh dx, (39) 


in the case ¢>0, i. e., the universe being expanding, . 
y (4) =7+ (4) + Be, 
* 50 (4) qx 
re ete JaS/ tanh-4—dx (40) 
J) ax y Reds 
where 4 and B are arbitrary constants, and y_ and y, are the particular solutions 
which are unity at infinity, tend to tanh(gx/2) as x approaches to zero, and are” 


finite everywhere. 
Numerical calculations are carried out by taking g=2.5 and =,/7=30 min., 


234 C. HAYASHI 


and using the value of given by Eq. (35.2), there being no essential difference 
between using Eqs. (35.1) and (3.52) in view of the uncertainty in the value of 
The results are shown in Fig. 2 together with the 


t,/y (decay life of neutron). 
In the region +<0.1, general solutions tend 


equilibrium value y,,=tanh(g7/2). 
to y_ and y, rapidly, with a consequence that 7- ratio at lower temperatures in 
the case ¢>0 are almost entirely independent of its initial values. With decreasing 
temperature the rate of induced beta-processes, i. e., 4(#) + (+), is largely reduced 
owing to decreases in numbers of energetic electrons and neutrinos, and there 
occur departures in the z-f ratio from its equilibrium value (“freezing ”’ sets in). 
The value of +, where these deviations become appreciable, is roughly estimated 
by putting t,=ct,, where t, and tz are given by Eqs. (24) and (5), and is found 
to be nearly 0.5. In the region +>3, 7 becomes larger than a(2#)+ (4%) and 
natural decay of neutrons is the main process. 


5% 
4 5 


——— —________. 
100 80 =20 -10 -5  -l Tr 5 10 280 # (sec) 


F ig. = wp ratios asfunctions of x==mec%/é7 and time ¢ of the universe. Dotted line is 
equilibrium value: veg=tanh(¢x/2), and broken curves show v-+Aef® and y44B8e-S@ 
where 9 is taken as unity in Eq. (88). ; 


§ 6. Concluding Remarks. 


mn sg a universe in renigh’ ?-> Pm and at high temperatures where elements 
. allowed to be in existence, the n-p ratio follows the curves shown in 
gy It can be seen in particular that, if the existing laws of physics, micro- 
Scopic and macroscopic, are valid at least up to temperatures ~2 x 10”°K ‘the n-p 
; " 
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ratio at the beginning of the elements formation, i. e., at 21, is nearly 1:4, 
whatever the physical conditions at higher temperatures, especially at the epoch 
#=0 when the universe is singular according to the current theory, may be. 

It is known that at present hydrogen and helium together form about 97 
percent of all matter. If we assume that formation of nuclei heavier than He’ can be 
neglected, and that reactions involving beta-processes such as w—>p+e-, p+p— H’ 
+e+, and H®’He?+e-, which are much slower than other nuclear transmutations 
such as gamma-ray or particle emission unless material density is extremely low, are 
not effective during the formation process, He’ is built up from original neutrons 
and protons, after all, as 21+2/—He', whatever the routes of formation may be, 
for instance 2 +/—H’, H?+ H?>H*+, H*+ H’>He'+x, or 1+ p—H’, H’+x—-H’, 
H?+~—He'. Consequently, the hydrogen-helium abundance ratio (in number) 
resulting from the initial -p ratio 1:4 becomes 6:1, whereas recent observed 
values in stellar atmospheres and meteorites range from 5:1 to 10:1. 

“ylem” consists solely of 
neutrons, it is difficult to explain the fact that the building-up processes of the 


Under the original assumption of Gamow that 


elements jump over the ‘‘ crevasses” of unstable mass numbers 5 and 8, as shown 
by Fermi and Turkevitch.” However, the existence of an appreciable amount of 
original protons may relieve this situation owing to increasing probabilities of 
capture by light nuclei of proton, deuteron, triton, and helium nuclei, since the 
formation process is expected to begin at higher temperatures. Such a situation, 
together with the above conclusion on the hydrogen and helium abundances, 
seems to encourage further calculations on the formation of light elements, at 
least up to C®. In this connection, to treat the building-up processes at initial 
stages, especially formation of deuterons, more accurately, it will be necessary to 
take into account the effects of their reverse processes, for instance 4, +7— (A+1), 
+ hy, caused by radiations having high concentrations at high temperatures. 


In conclusion, the author wishes to express his cordial thanks to Prof. H. 
Yukawa for his continual interests and advices, to Prof. G. Gamow for his kind 
suggestions and advices, and to Prof. Z. Shirogane for his continual encourage- 


ments. 


References. 


1) See the references in the paper: R. A. Alpher and R. C, Herman, Phys. Rev. 75 (1949), 1089. 
2) R.C. Tolman, “ Relativity, Thermodynamics and Cosmology” (1934). 

3) G. Breit and J. A. Wheeler, Phys. Rev. 46 (1934), 1087. 

4) G. Gamow and M. Schénberg, Phys. Rev. 59 (1941), 537- 

5) G. Gamow, Rev. Mod. Phys. 21 (1949), 267. 


236 


Progress of Theoretical Physics, Vol. V, No. 2, March~April,* 1950. 


Note on the Self-Energy and Self-Stress. II. 


Katuro SAWADA. 
Department of Physics, Kyoto University. 


(Received January 18, 1950) 


In the first part of this paper, we treated the general property of self-energy 
and self-stress of Fermion and Boson in usual perturbation formalism, and found 
the general relation* 


P aN, = Li. 
= m—— Bort Gy i 
tLe) m= { Lu) dace ( Tx) 


between them, which holds for Fermion with mass interacting with Boson with 
mass pt, and vice versa. The tact that the self-stress can be expressed as surface- 
integral in £*-space was shown in the last paragraph. We now want to show 
that they can be reduced to the two dimensional surface in &®-space, and that 
the numerical value of them depends on the shape of surface taken. The same 
results as in I can be obtained by choosing the surface spherically. And it was 
also shown that the self-stress only contains as diverging quantity the multiple of 
the surface area of £“-space, no logarithmic divergences. In §3, a physical 
interpretation of expectation value of stress-tensor, which has analogous meaning 
as classical Poincare tensor, is given. And, finally, we want to seek for the 
relation between convergence condition of self-energy and stability condition of 
particle from the three different standpoints, founding that the formalistic regu- 
larization is to be modified to be effective for stabilization problem. 


§ 1. Self-Stress of Fermion due to Boson field. 


The self-stress of Fermion, i. e., spin 1/2 particle obeying Dirac equation, 
due to the Boson can be obtained as a transition matrix element of Feynman 
diagram through the stress tensor. (The Boson means only scalar, pseudoscalar, 
and vector neutral mesons with mass “ in weaker coupling with Fermion, here.) 

Since this tensor is composed with three parts: 7," +77 fe Hee 
the transition can be classified into three parts : (Owing to the difference in nota- 
tion, the results of this paper is slightly changed from perturbation calculation, in 


I, i. e., the self-stress is multiplied by -1.and momentum by i): 
a) Transition through 7,,@*t ; 


Z, wv™"ticle) has, in general, the following form: (in ordinary notation used in I) 


* In these dissussions of Self-Stress of Fermion, we should consider for the scalar-meson interaction 
that the polarization term is put out of consideration. (see § 1 (d). Page 241). 
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ee eet dy pee ae “) (1) 
the transition through this can also be eee into three parts: 

a, 1) The transition as indicated in Fig. 1. If one traces events in time, 
one can obtain the term in perturbation theory. But, translating this into 
Feynman notation, one should note that the differential operators contained in (1) 
do some another contribution due to the jump in the propagation factor K,(X) 
of Feynman, and one should subtract this part from the expression : 


ig’ ie (3, Ls he (3, 2) (— rm) ca (p— r) MAES (2, 1) vag Ts Ts ts 
(1) @) 


—s'{ S.8, Dee 7K, B, Dre dea bdo (2) 
>) 
The subtracted term is just ( 7,,). Writing this in momentum space, we obtain: 


© lp (P—E-m) (D1 (Ah) (PF) 9 ea gdh 


9 


ix (Ree Lae Sipe. 


= AOR 0 Ova (3) 


Fig. 1. Fig. 2. 
a,2) The case for 4,>4 as in Fig. 2. This case just corresponds to the 
mass type correction in ordinary transition problem. 


1 


Real cd eal er paar 
ig*{ \ss (3, 2) PK, (3, 2)7°K.(2, 1) (—)ist UP) ne Pdr ATs 


—0o 
(2) (8) 
1 


7 ; 1 id bs —ipu 
=i( Ty) | eK,@,1) (— gt G-Pen are (4) 


—-ao 


@) 

a,3) The case for which 7,, occurs in the final knick. This is the trans- 
posed of (4). 

The case corresponding to 4 <4, in Fig. 2. 
calculation, and is replaced by the following : 


does not exist in perturbation 
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< ¢ . ¢ ae p-tprifea= Aer. 
aie oe (2; 1) fO"*3 is; 2 gh (2, 1)7 e is “de 1A 3 2 


(1) (2) 


«ee ( — 2) a al (y— r) i week &« transposed » (5) 


and just corresponds to the contribution of renormalization of state functional in 
perturbation formulation. 
| g Xa varie Tie ia ; 1, ae 1 Chikn, fees - 
a ler (p—k—-m) W4( p—k—m) j Fer A ( 1)) Pp 
+ «transposed », (6) 
by) fansition through 7," : 


7,,% has the following form: (in ordinary notation in I): 


aa. he 00.. 9O9.. i*sS 00.. 
ie Id é 0. 43 avd 


exe X, NX, awe, 


And the transition diagram is as in Fig. 3. In 

this case, though (7) contains the differentiation, 

the perturbation calculation can be translated 

into Feynman notation directly : 

ek Tent +> +> +> 

— £2 | |S.C,2) G74 Pav PoP Hf) 
@) ©) 


SS. (3; 1) is lal Oe ee 1) ¥ le ats 
— Z| Chyhy— Oy (4°—2)) re (p—h—m) vi 


ee 


1 
Psd OR. 8 
(e—#)Y 8) 
c) Transition through 7,,{mtersction , 


This part gives twice the 4—4 component of stress tensor, and is given by: 
2g*| S.2, Le, 2, pre Odea, Oy, 


=2.<| 1 (p—k—m)y — ARB, yy. (9) 


° 


In all these expressions, we took F eynman notation throughout, i. e., including 
dum index. 


We denote the sums of above as (Tuy), and distinguish from the part due 


to vacuum polarization (Z,,)®, then this becomes :* 


: (1) 2 +e sacl a. 
(Fin) = sep) Tr (p-k—m) "(=D 7*(2,—4,) (0-4 m) Paget 


* gta ‘ ~ 
The results in I is < 7yy>@ and this is the reason why we asterisked them. 
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; 
+2 ( Pa} epak (2,1) (—2) eh, (P—P) ve P"az,+ « transposed » 


(2) 


it Poe 7 ca 
ae ee ss “|r (po—k—m) iy" (p—k—m)" Beis pat re he 1)7“p, + « transposed » 
vt pal 4 
+£| ee a 8) ee 
TL wy wy Y= ‘ G 2 2)? 
— ke {rv (p— Rh) qe th Bu Do (10) 


Here, we can easily verify the general relation between self-stress and self-energy 
stated in I: 


Tes =m ta £ pay 6 Tu). (11) 
where 
(Tap =| (9—b—)* pap 


One can show, in the expression (10), the part of first line cancels the third 
line, and terms of second line do nothing, so (10) becomes: 


) 
(Tw) = —- ie (p—h—m) 7h y\(p—h—m) "7 sis aa 
+ £| hb 8a BP) 1 Gb) ieesPe 
+f alr (p—k “ig AM h Oyu: (12) 


Now, the first and second term of this expression can be written as follows : 


@) 2 
fp tie 0 ~~ L Ry yu) 
ik ey) Eom El oe r- (p- k—m) 7" Bz aM 


_ yr 


Oe a Ue 4) B 
Ee Ce ORS wleal : 
al ca eget Buide (13) 


So, we obtain the following expression for the expectation value of energy- 


momentum tensor of Fermion interacting with Boson mass /: 


(T.)=—4| 55 [(p-B—m) 9" 


If one sums with index, this is the same as in IT Eg. (84). 
Now, from taking p=v=4, it follows that: 


poe [eer (La) Oude C4) 
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- 
9 ,— 15 
= rae {2 yA |r (p- p— m)~ (om a A, |d Eis ( ) 


and from the symmetry consideration for the resting Fermion (P=P,): 
oO. Gy o 7 ae = tae 1 ‘4 doOgk 16 
—3{ Ty) = —£ (diol (fr—B—-m) "1 apa? (16) 


where div means 0/04, (<=1..3) and & is £(4,, 4o, 4s)- 
To evaluate (16), we take example for vector meson field as Boson, then 
Vy a etd ee 


ars! fag Permit etiam 
~; ee (4,-m—V 92 + BP) 4— mt V nd +B) hi V +P) 


—_ ak, db. (17) 
(4+ EB) = 4x° 

According to Feynman, m and yp have small negative imaginary parts and so the 
poles 4,=m+ Vi, &=V pe + lie under the real axis. We can deform 
the path of integration of 4, to lower half-plane of complex 4,-space : 


Ss eel) div| Pm (m+ Vk Fe tkrtm)r +b 
+e LV EE (Mt a VLE) mt ete 
ae’ rm — Vet Prthrtm)yr -& je 

FV +R) OV By Bam Vint et VEE Emde tet VEE 

a e ( BPA ne Le VE + —3mvV nf +e +2 — vn? 

27°, 


SV t+ RV + mt Vet V E+ RO +(V ne E+ Vv + &)) 


> > 
xkda-+m. (18) 
The expression which is obtained by removing div and k from (18) is the self- 


energy expression in ordinary form, and in (18) ds is surface element of £- 
space. 
If one takes the surtace sufficiently apart from the origin of coordinate, then 


one can expand (18) with 4, since it is the distance from the origin to a point 
on the surface: 


> > 
_. “@(—3 & de Le \Ge Gee 
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Since, {aa is of order # and the value of & is very large, the last term of 


(19) vanishes in the limit, and one gets: 


Ma orks 
a =| om. 20) 
If one takes o as sphere of radius 2 : 
ae a 
—( dan) = 2 (21) 


which is the results in perturbation calculation I. It is seen that owing to the 
limiting process to extend the radius of the &-space to infinity, the value obtained 
does not depend on the mass of mesons /. This holds for other cases also, and 
was quoted in I. 

Thus, we obtain the results: 
Self-stress of Fermion, 


Due to vector-meson with mass /: Mm (22) 
=o" @) F 1 
—( 7) § Due to scalar-meson with mass /:! in” (23)* 
Due to pseudoscalar-meson with mass / : — mM. (24) 


As one can easily understand, the field-mass independency of the Fermion self- 
stress comes from the weak divergence of self-energy, and if the self-energy 
contains quadratic divergences, the self-stress would involve the area of the surface 
in £-space, which of course diverges, and field mass depending term. 

d) Polarization term (Ty). (Fig. 4) We have neglected this effect in I, 
since this vanishes for vector and pseudoscalar mesons, but it remains in scalar 
case, and becomes as follows ; 


oe 8 ings : 2 
(lev) =£--| 5 (—m) 7°l, Z—m) "7" — C—m) Oe a. ot 


The second term is put to cancell the term which is not contained in perturbation 
calculation which is obtained by following events in Fig. 4. This expression 


vanishes for p=v=4, 


( T11) =0 
_ 0 for vector- and pseudoscalar meson : 
= ( T31) =| Son 7? > i : 
- £7 CTO at for scalar meson : 


The inclusion of this term leads us to abandon the assumption of C-m2son as cohesive 
field. In the following discussions we put out of this term. 


249 K. SAWADA 


§ 2. Self-Stress of Boson due to Fermion field. 


In this case, also, the transition matrix are classified into three parts: 


a) Transition through 7," « 
As in 1, the differential operator contained in T7,,‘"“"? brings super-fluous 
term in Feynman notation compared with perturbation calculation which is 
obtained by tracing the events in time (Fig. 5). 

a} 


z ikeg1 rm | ome SS ‘ 
4nf* | | aan SK, ae 2) (—7) gr (7-7) wk. (2, 3)7°K, (3, 1); |a-,a75 
QQ) (3) 
‘ tkwns2 bmi 
— snp “5g -SoL (9) af 104K, (2, 3)7°K, 3, 2)7 aes 
©) fee 
— all : 


ie 
The last two terms are added to remove the extra term contained in the first 


S,[K CL 2) (—2) SF Ks (2, 1)7~" Jaz,. 25) 


expression. 


Fig. 4. 
a, 2) (Fig. 6) 


Thaegy re ~ 
4np'| | ue SpLAY CL, 3) 7°, (3, 2) (—2) = 1 (P—P) wk, (2, Dr" Jaz,a75 


(1) (8) 


pikera 
aS an [K,(1, 27" (8) 7K, (2, Ire, 
—4ap| SEK, 3)°K, (8,2) (—)-4 agro, (26) 
(3) 


The last two terms are added in the same reason. 
Combining these, and translating into ¢-space, we obtain: 


eeu re me! : : 
Z. ag) SLE k—m)\(—1)7"* &—&) C2 m) 7 Fm) 7 "jd 1 


eae 


+E S| SC Fm) Cem) (Dh Em) 
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sas era SL Gham)“ Cam)" aed + bub (27) 


bye lransition through.7,,°" ; 

The differential operator in 7,,“*® does no harm on the calculation, and pertur- 
bational results are directly translated into Feynman notation. The transition for 
t,>t in Fig. 7. just corresponds to perturbational case, if one traces the events 
in time, and corresponds to mass correction. 


j tikes +> ae Bes ' A 
oe an OE (—PuPyv—PwW ut Suv (PoPe— lH) )1S+C1 2) » i 
a 3 ” 
(2) (8) 8, 
SILK. (2, 3)7°K, 2,3) 7" Jara 
Sak hoe (4 4) (“4 23,4? | 
mi 2h, 4k Fo) w | %o wile byte oh Ouyko |: t 
is Qa" 
| SE-B —m) 9 Cm) 0 (28) f 
igen 


And the transposed transition for which the transition takes 
places in the last knick. 

The transition for 4,<¢, in Fig. 7. does not exist, and in turn there appears 
the renormalization term: 


at nf? {| LA. , 2) 7K, (2, 3)7° ‘K,(3, Dr ldt,as alata 


q) (2) 


-f tal i {SL G@-k—m) 1 bm) Em) Ok 


Bk, 
kere (29) 
c) Transition through Zy, deinen 
This gives twice 4-4 component: 
gm 421 
£59) anpi| SK. 277K 2 Ur re Oud 
@) 
S =—22- se \ S[G—b—m)~ Gm) 77 12 By De (30) 
a . 


Collecting these, we obtain the matrix element of expectation value of the energy- 


monentum tensor of Boson due to Fermion : 


(rae | SL CSA AT hh) Gb) r (G-m) al 


hee neue u - | S[U-k-m) 7" (J—m) 1 (—1) 7", (—m) 37" Ol 


> 


3 - fi) GA, - Ga tls 2) 
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HL) Sp B my Um) Wd 
(-4S)sz S,{ C—k—m) “7° ( 


+ Llel (0) (2) 1 (s¢—4—m) i C-t- mr my Wr (34) 


Ro Ro 71 


: = Oye a += re 
Then, the general relation ( 7,,) = mA Tu) +Paa' T,,) can be proved easily 


mt 
by using the following expressions : 


(Ty)=—- 5, (SI @-f-m) rm) 7 Ye, (32) 


mP (T= —- Lb (SC -k-m) mk) Fm) aL 
Om 2ky 


TL 


—F. [SCF my" Cm) Em) Wet, (83) 


71 


e a PR se gy oat | ey eee Le lye oy 
an § Tu) 7 oF, rx, Sot m) tT ( m) Fi } 


ren EDEL cee 8 S[(l-k-m)yl—k#-m) yp (lm) ty Jal. (34) 
For the resting meson: #=A, (D0. ie pe ys 
(Pe) =F Z| SL C-hy—m)(Drth -B my  Cm)yy ad 


ico 
arr 2p 


= Cee 3,du)(— F-)o-[ SL (—é—m) 4 (Tm) "dL, (35) 


This expression can also be written as follows: 


ILS; ¢—k,—m) 7 T— m)~(—1)7*Z, (7— m) oy \a2? 


Fi net és 3 oat =lLwuf Ff -1 Ac) 
ini) = Agee a7, {Se ky —m) —y** (l—m) 7-14, a 


+ dud, ( Zu) (36) 


with ( 7;,) (32). This is just the same form as (14) for the Fermion self-stress. 


But, in this Boson case, ( 7,) contains the quadratic divergences, and so { 7;,) 
may contain surface-area of /“-space. 


As an example, we exhibit this for the scalar-meson : 
Firstly, from the symmetry considerations : Gf rv=1): 


—3( 7,,)= £ eraGae SL C-4—m) 1 (Fm) >] 2} gotta (37) 


afte sf (A= 4)r'-lr+m) Cyl tm) 7 | 
ie AB Vn +P) Bt Vin +P) GH Vind +P) at V ne) 
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_ 
Ar? 
Accoruing to Feynman, the poles h+Vy247, Vn2+7 lie under the real axis, 
and we obtain, 


ers NE ECE CRSI AB one Vit +2) —ly +m) i 


[Onin 4m QV e+ P(E 2 Vin +7’) 


x dll (38) 


_ SMF +P — DAL rtm) (Vn? 4Py—ly+m) sl \é 
2h +P pA2V i? +0?) 


Noting “S.7777=4, S;U7) (7) = —4/* in Feynman notation, 


a 2 : Af?.7 > 
—3( 7 =| v : 
<7) 27° re Vin? +0? (AC + 2°) — f) s 
=f | os ide 
2) Vn eae +E) —) “ 
=~ Loff+(-Se deo h) 4 
anon UG lire seach aly ash Naya) yao (39) 


> 
The expression obtained by removing div and / from first of this expression is 


just minus sign of ( T,,) (3.3) of I. The last term can be omitted if one takes 
the surface to be far apart from the origin. 


> 
fee {| (-+ Ph ae: ae A 
MPa pag At g et at ) ve fo. (40) 
If one takes the surface to be spherical with radius 7: 
Se. Weal 8 ts 7) 
= li j=— ons E + (-" need ik ; (41) 
The result for the pseudoscalar meson is as follows : 
oO eal we higoer Paes | | F 
war fe ed (ee eee 49 
Fs 37 l/ +( ake Wale (82) 


Thus, in this case, the self-stress contains mass of Fermion and surface area of 
l-space, which is due to the fact that the divergence of the self-energy is quadratic, 


as one can easily understand. 
The value thus obtained is dependent on the form of the /-space taken, and 


the finite value is not unique, but for the resting meson, it will be natural to 
assume the spherical /-space, since there may be no reason to be non-spherical 


due to any unsymmetry. 


§3. A physical Interpretation of Self-Stress of Fermion. 


The expression (14) for the additional stress of Fermion can be interpreted 
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DH. F ~ . 
physically in the analogous way as Poincaré tensor” in classical electrodynamics. 


To make the meaning clearer, we treat the problem by introducing sufficiently 
strong cut-off factor g(#) in the emission and absorption point, (where 7" 
presents), which, of course, may be brought to 1 after the calculations. This has 
the consequence that the interaction Hamilton density becomes : 


oP Xr p(X) [G(X-X9.(A) de! CM =Gale@ewaee 43) 
And, self-stress becomes as follows: 


=f (p-k-m) 7 z Pak ed (44) 


44 


(7,)=-£\ 3 r A- 14, |ig@) ¥a%. (45) 


Now, the system with interaction Hamilton density (43) gives the force density 
acting on the charge element with center at 0 in I-direction : 


s¥' O)r'$O) EM) 55, re (¥). (46) 
The expectation value of this for the state with one electron becomes: 


8°G(Y) 5% |G(X=Z)S,(Z, Vor K(X O) red Xd OZ 
1 


+86(V) 5, [GX-2S.(¥, DK. O: Ke PMd XZ (47) 
= GY el os (ReaD {os Em) tpi 
ay, (22) *zi ee 
eik(Z-¥) 
a" rar (i—m) 7° Feil ia 2 at Lo dvd! (48) 
iky 
=6(¥) 53g e@) tr (Po—k—m)y-dk=F (VY). (49) 


And, if one ate that when the particle is frec, it is a ‘ mathematical point”, 
but when it emits or absorbs the field, it spreads over G(X) acted by the 
constant force at the end point given by (49). Then, the work done by this 
force during the expansion in I-direction is given by the following : 


[YACaey = 2"\(g #) 8) Feat (ebm) 
bo” (k-k) dk APY (50) 


=~ Se Spl (Ak) ht gD 


5 


— | Sel GB) et oh Ne 2) Ha, (51) 
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The first term of this expression van- 
ishes owing to the sufficiently strong 
cut-off factor ¢(#°) (see (19) or §4,b)), 
and the second term is the same as 
(45). 


And at this point one. can take 


the limit g(#)—>1 and the expression 
(51) becomes to the original expres- 
sion (16). 

So that, one can imagine the mechanism of the origin of self-stress of Fer- 
mion as follows: the particle is a mathematical point when free, and when it 
emits or absorbs the field it spreads over G(X), and during this spreading the 
charge element is worked by the constant force due to the field just equal to the 
force acted at the end point. This is the analogy of interpretation of self-stress 
in classical electrodynamics due to Poincare. 

The fact that for point electron, the self-stress remains finite indicates that 
the sigularity of expanding force near the electron does finite work to biing the 
“mathematical” point charge to the limit of extended charge. 


Fig. 8. 


§ 4.. Convergence Conditions and Stabilization Problems. 


From above results, it is easily seen that the self-stress is intimately con- 
nected with self-energy through simple relations. We now want to discuss the 
relation between convergence of self-energy and of vanishment of self-stress in 
three steps, i. e., from the standpoint of extended model of particle, the realistic 
subtraction procedure such as Pais or Sakata, and from the purely formalistic 


stand point and semi-formalistic standpoint. 
a) Extended models. If one makes a particle extend in some meaning, it will 


result a cut-off factor g(#”) =~ C(#) for emission and absorption point, so that, 


the energy-momentum becomes : 


For Fermion :* 


7 fad iat se aK, dies BP —1 yee 1 E v2 AM 2 
( Luv) = TL faglr (po ke mm) if Bape dC ) 
ie o a A oe: Lasse eye he {MZ. y y (52 
+ = \r (fy—k—-m) "7 Poe Ch )¢ Ons vas 2) 


For Boson : 


° 


(T= 4 sal a7, Se —™) 4 (<—m) 4 | hy CEA 


= 2 aa )Sul d— je m) or" (f— 7) Pre eho”) AMT D404. (53) 


The 4-4 component of these surely converges by choosing the function C’ so as to 
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diminish the singularity. But, the self-stress also remains finite and not becomes 
to zero. This can be seen from the following considerations: 


— (8 Gb m) reat C(Ra%R —— (Fermion) (54) 
wy aa 


is ac| 21s [@-k-m) ~7-- Fm)" V,-C(L2)}dL (Boson) (55) 
m 24) ol 
surely vanishes if C is chosen so as to make converge the self-energy (see, b) 
But there remains: 

ee LeSeyar eee ae =} asa 1 
i {i (p-—k-m)"7 Poe 


— pe 


k, 2C(#) dk (Fermi) (56) 
ak, 


-£ aa) SLC-F-my Em) r Va gp 0) dt (Bose) (57) 
which does not vanish i1 general and remains finite, and can be interpreted to be 
the work done by the field during the expansioa of particle (§3). So that, i 
“the extended model, generally, the convergence of self-energy does not secure the 
stability of the particle. 
b) Realistic subtraction procedures. 

In the system of particle and several fields, the self-stress is given by the 
following (see (16) and (37)): White the self-energy in the A-space of interacting 
fields (the contribution from each fields, we distinguish by 2) 


(T,)=|S (Kak. (58) 
7 
Then self-stress is led by the following: 
(ate va | divx [IW(K)-K] dK (59) 
1 Se 
=— =, | SW(K)-Kao (60) 


Using this fact we can survey the relation between convergence condition of self- 
energy and vanishing condition of self-stress (stabilization condition). 

The convergence of self-energy (58) is maintained if the mixture 3) W,(X) 
has asymptotic form: 


eB 


ps W(K) Sa eny (a>0) (61) (convergence condition) 


for sufficiently large K. 
On the other hand, the stabilization condition produces the restriction on DSW (kK) 
from (60), and if one takes o sufficiently apart from the origia, this produces : 


( P= Spe eet 
es z K>o 
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Ss WK) ~ 


= (a>0) (62) (stabilization condition) 


i. e., the convergence condition (61) is the same for stabi'ization condition. So 
that, in general, the mixture which makes converge the self-energy of particle 
(Fermion* or Boson) also stabilizes the particle. 

Thus, i the realistic theory, the convergence of self-energy automatically leads 
to the stabilization of particle, and vice versa.* This is because the force density 
acting in the expansion of particle is given by (49) at distance Y apart from the 
center of the particle, and which is to be multiplied by Y, to produce the seif- 
stress. The convergence of self-energy indicates that the force density near the 
particle is regular and so product vanishes according to YoOCY = 0 pe since 
integral on the right-hand side of (49) has the same singularity as self-energy 
near the center of paiticle (Y=0). 

The Fermioa* can thus be described as relativistic stabile particle in this 
procedure, but as was shown in the paragraph 1, I, the Boson cannot. The 
remained finite self-enetgy cannot be renormolized to original mass. So if one 
wants to describe the Boson with mass “+06 along the idea of “ renormalization 
of mass”, the convergence condition is very strong than (61), i.e, SIW,(K)=0. 
c) Formaiistic subtraction procedure and semi-formalistic procedure. 

In the formalistic theory developed by Pauli and Villars, the added redundant 
fields have not their own energy-momentum tensors, so that self-stress cannot be 
expressed as (16) or (87), but in the form subtracted from them the term of the 
sum of type (8) or (27) due to the contribution of the energy-momentum tensors 
of redandant fields. And this subtracted term cannot be made vanish with any 
regularization. So that, it will be preferable to simplify the considerations, to 
add to the subsidiary field their own energy momentum tensors and so consider 
them as real fields. But this will bring the difficulty of negative energy fields, 
so that after all to bring their mass to infinity and to remove the effects in real 
transition is necessary. 

This procedure is realistic, since the redundant fields have their own energy- 
momentum tensors, but formalistic since the effects of redundant fields only appear 
ia the virtual process. We may call this as semi-formalistic procedure. 

The situation between convergence cordition and stabilization condition is 
slightly changed in this theory. For simplicity, we consider a mixture of redun- 
dant fields with mass labelled by 7(=1, -*, WN) and which interacts in the same 
way as original field. 

Firstly, for Fermion, the 4-4 component becomes as follows : 


° 2 a - N - ") 
Cpe (Co ald are a 


7 
Pe 


And, as is well known, the convergence condition is as follows: 


N . 
| m=0; dDmlog (420: (convergence condition for Fermion) 
i=0 i=0 (64) 
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On the other hand, 1-1 component is given by :* 


~(Fy= 2 atm) Bp ee he (65) 
which becomes as allows: (see last argument of § 1) : 
=> 7 - Const. (66) 
Thus, the stabilization condition becomes : 
3 7:=09. (67) (stabilization condition 
oe for Fermion). 


Thus, the first condition of convergence condition (64) is sufficient to stabilize 
the Fermion.* The second of convergence condition (64) is related to the loga- 


rithmic divergence of self-energy, and since { 7,,) does not contain this divergence 
as discussed in the last of § 1, so that the first is sufficicnt. Secondly, for Boson 
the 4-4 component is, 


(Ty) = =F [Dn SE-B mr Emr a (68) 


‘at Op Jes 


which is made convergent by the conditions : 


N N 
>a m=0, pa Hi m;=0, 


ite 


N 
gm log m=0, YY nwne log m=0. (69) (convergence condition 
- for Boson) 


el 3 N = = oS = . a . 
DF | P{B mS h mr Emr nba (0) 


This is of the form: (see last of § 2) : 


N 
=> mi (al? + be + Cm?) 1500 : (71) 
And the stabilization condition becomes : 
NY N 
& 7=0, 3) nen? =0. (82) (stabilization condition 
r for Boson) 


Thus, the above consideration indicates that she stabilization of particle in the 
semiformalistic procedure is insufficient to make converge the self energy. The stabilt- 
zation seems to be related to the removal of ambiguity in the calculations.* 

This semi-formalistic procedure is as powerful as that of purely formalistic 
regularization for the process in which the energy-momentum tensor of redundant 
field does nothing, (for example, self-energy or other transition in external field) , 


the difference will apprear in which the energy-momentum tensor of redundent 
field does something as in the self-stress. 
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Though, the convergence condition (64) or (68) can make self-energy 
converge and self-stress vanish, the Boson with mass y has finite, self-energy so 


that Boson with mass “#+dy cannot be described in renormalization procedure of 
mass, as before. 


§ 5. Conclusions. ~ 


It was shown that the self-stress of Boson and Fermion* can be expressed as 
the two-dimensional surface integral in £- or /®-space. And if one takes the 
surface to be sphere, since the radius of the surface is infinity, the surface integral 
reduces to the ratio of rational functions of & or / and so self-stress does not 
contain logarithmic divergence with only one exception,* its divergence is only 
multiple of surface area of this sphere (which is of course divergent). The 
self-stress of Fermion treated in this paper is independent of mass of fields, that 
of Boson contains surface area and mass depending term. The difference comes 
from the order of divergence on the surface, and is related to the quadratic 
divergence or logarithmic divergence of self-energy. 

A model for Fermion to interpret the origin of self-stress is given which 
shows that in quantum theory also the model such as Poincare in classical 
electrodynamics is possible. 

The semi-formalistic procedure to remove the self-stres was shown in the last 
paragraph. 

Although it is possible to obtain the vanishing self-stress for Boson and 
Fermion in some procedure, the Boson cannot be described in renormalization 
technik as emphasized in several places. The vanishment of self-energy and self- 
stress simultaneously is necessary to do so, and this leads to very strong con- 
vergence conditions. These points will be discussed later. 

In conclution, I say much thanks to Prof. M. Kobayasi for his kind interest 
taken on this work. 
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The potential field in the vicinity of the F-center has been critically discussed and on 
this ground a simple model of rigid lattice has been introduced. Two methods of approach— 
the continuum model and large molecule model—have been employed. By use of the variation 
principle, the electronic states of F-center have been calculated for several models proposed here. 
The results of calculation show that the calculated energy approaches to the observed ones as 
the precision of our model increases. The method how to formulate the effect of polarization 
has been considered, and the relation of our model to that of Tibbs has been discussed. 


§ 1. Introduction. 


Both experimental and theoretical investigations of recent years on the colored 
absorption bands in ionic crystals seem to confirm fairly completely the defect 
model of color centers. 

This model assumes the existence of electrons in quasi atomic states trapped 
in the vicinity of the lattice imperfection of ionic crystals, and the colored bands 
are due to the electronic transitions between these states. Main results of these 
problems have excellently been summalized in Mott-Gurney’s book“ and (more 
recent surveys being given) in Seitz’s article. 

Among these colored bands, the so-called F-bands of alkali halides play the 
same role in the spectroscopy of ionic crystals as the alkali metal spectra do in 
the case of atomic system. 

The absorption spectra of the F-bands have not sharp line structure like those 
of atoms but have bell-shaped one whose peak wave length and width vary with 
the temperature. In the accuracy in which we have no need to consider the 
width and its temperature dependence, the peak wave length A4,., obeys to a 


simple law. Indeed, Mollwo™ first indicated that the peak is propoitional to the 
square of interionic distances. 


In Ivey’s® recent research, an experimental 
formula : 


Anas =703 a (1.1) 


has been established. In this formula, 4,4, and @ denote the wave length and 


* Read Mar. 28th, 1949 at the annual meeting of Phys. Soc. Japan. 
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cotresponding interionic distance respectively, expressed in A unit. The propor- 
tionality constant is common to all alkali halide crystals with the lattice structure 
of NaCl type. 

The calculation of electronic states under consideration has been carried out 
by Tibbs for the first time. More recently, Kubo and Nagamiya™ treated the 
matter using the spherical symmetric potential field while Muto proposed to treat 
the matter in a molecular theoretical way. Further, in his second paper, Muto 
discussed also the temperature dependence of the band. The purpose of the present 
paper is to consider the electrostatic field in the vicinity of the ion vacancy 
systematically and models the lattice with the imperfection as a large symmetric 
molecule whose center coincides with the lattice defect in question. In the Part I 
of this report the calculation of electronic energy states has been carried out and 
the calculated values have been compared with Ivey’s experimental formula. As 
to the temperature dependence of the band, the results of observations will be 
referred to Mollowos paper and the theoretical interpretation of which will be 
touched in Part II of this report. 


§2. The field in the vicinity of the ion vacancy. 


In the vicinity of the negative ion vacancy, there grows a potential field which 
attracts the electron. The energy states of this trapped electron are determined 
by solving the Schroedinger equation for one body problem in this potential field. 
In this section, we consider the field near the vacancy more in detail. 

As to the treatment of the perfect crystal, we choose the simplest and reliable 
theory of ionic crystal of Born with appropriate modification. There may occur 
the displacement and change of the charge distribution if any sort of lattice defect 
is introduced. For instance, the ions near the vacancy may displace from the 
normal positions and electron cloud around them yields in polarized state deviating 
from its initial distribution. The polarization of the lattice consists of these two 
effects. The lattice will be called a rigid one if these effects may be neglected 
properly. In the zeroth order approximation, we consider the rigid lattice even if 
some sort of vacancy is introduced. This is the idealized picture of F-center 
employed here. 

The potential field acting on an electron in a rigid lattice is as follows. If 
we choose the vacant lattice point as the origin of the coordinate system, it is 


given by 
Ve) =>! V(r -R) (2.1) 
all 


—- > aoe 
where 7 denotes the position vector of the electron and R, the position vector of 
the i-th lattice point. 3/ means that the summation is to be extended to all 


all : 
lattice points with the exception of the origin. Considering that the potential due 
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to the lattice points near the origin are only effective, (2.1) may be approximated 
by 


+ > ey 
VP) =D VOR, 2) +[ V-Rdee. (2.2) 
- all-ef f. 

In the summation of the first term, we take into account of the field due to 
the ions one by one starting from the nearest neighbors to further points as we 
proceed to higher order approximations. This corresponds to the picture of we 
large molecule. If we specially consider the case where our field may be approxi- 
mated oniy in terms of the second part of (2.2), it corresponds to the continium 
model. On the contrary, if we approximately use the first term only, by chosing 
the parameter ¢; suitably, this corresponds to the model of the large molecule. aaetel 
simpler cases are schematically shown in Fig. 1. Stating the matter more in 
detail, they are (See Fig. 1), 


ih! Il’ Iv’ IV’ 
Fig. 1.° Schematic representation of potential field. 


Case I) The crystal latt ce is considered as a perfect continuum. The effect 
of the negative ion vacancy is expressed by a single point charge located at the 
origin, the field is exactly equal to that of a hydrogen atom and any characteristics 
of the material are not introduced in this model at all. 

- Case II) This corresponds to the potential field due to a uniform charge 
distribution over a sphere of radius @ buried in a continuum. The total charge is 
equal to 1. Here the characteristic of the material is represented by the radius d. 
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Case II1) This correspondens to the simplest model of the large molecule 
where only the potential due to the six nearest neighbor positive ions are taken 
into account. Considering that the potential should tend to 1/7 as yr tends to 
infinity, we take the value of z,=1/6. 

Case IV) This corresponds to the higher order approximation of the large 
molecule model, where the potential due to twenty six positive and negative ions 
represented in Fig. 2 are taken into account. As to the value of the effective 
charge 2; we choose the value 2,=1/2 
as for six nearest neighbors s,=1/4 for 
the eight second neighbors and z,=1/8 
as for the eight neighbors. These values 
for z, are the same numerical values as 
they were chosen in the simplified 
method for evaluating the Madelung 
constant suggested by Evjen® which 
has been proved so successful. It 
satisfies the asymptotic behavior 1/r as 
y—oo as well as its behavior near the 
origin that it should tend to Madelung’s 
potential. Thus this large molecule 
model seems to be a good one. 

The primed figures in Fig. I are 
the plots of the curves where the effect Fig. 2 NaCl, lattice with a negative ion vacancy. 


of polarization is also taken into account 
besides the terms whose plots are given in the respective upper figures. 


§ 3. Solution of the Schroedinger Equation. 


The electronic energy states are determined by solving the Schroedinger 


equation 


HY =E¥ (3.1) 


where 
ey fox UE (3.2) 


In the Hamiltonian 7, we choose a certain form of potentials stated in the preceding 
section and seek for the approximate eigen-values / by the variation principle. 
Here we must determine the form of the variation functions. We assume the 
simplest hydrogen like function in the continuum model A (Case I and IJ). On 


the other hand, in, the case of the large molecule model B (Case III and IV), we 
ear combinations of wave functions whose 


select a function which is given by the lit 
Each case will be illustrated separately. 


centers lie in the six nearest lattice points. 
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A) Continuum model 


It seems needless to say more for the case I. As to the case II, we assume 
for the function of the ground state the form 


U = (#F/n)? exp (—2) (3.3) 


ard try to minimize the energy value Z by varying the parameter Bp. Let the 

i : : } i (1) 
corresponding value be denoted by , then we get as the energy value E™ for 
ground state 


EM =R/2—(1/d)[1— (1+ Ad) exp (—23,4)]. (3.4) 
The wave function corresponding to the first excited state is determined as the 
hydrogen-like 2p function which is o1thogonal to (3.3). Corresponding eigen- 
value is given by 

E°=F S—(1/¢d)j1—{ (1/24) exp (—3.<)} x 
{ (Bot )® +. 6( Bod )? + 18( 5) +24} ]. (3.9) 


B) Large Molecule model 


The employed method for determining the eigen-value is the same as the 
method of molecular orbit used by Muto l.c..? The chosen potential function 
and the corresponding variation function are as follows: 


Vir}=3 Vr—Ri; =), (3.6) 
P(r) =>) cr — Ry) (3.7) 


where W(r—R,) is a spherical symmetric function with respect to the i-th iattice 
point. By use of the variation principle we get a secular equation of the order 
six, which is factorized into three parts owing to the symmetry. The ground 
state is characterized by its simple root A‘ with the symmetry 4,. Further we 
have triply degenerate state E® whose symmetry is given by &,,. 
doubly degenerate state E“ whose symmetry is given by &,. 

The transition between the ground state and last stated doubly degenerate 
state is forbidden as the oidinary group theoretical consideration teaches us. Thus 
we need to consider the state 4,, and F,, only. In this manner all energy states 
are obtained for the respective case. 


Now the total energy of the lattice is given by 


There remains 


WO=VE+E°, WO=VY+E% 


where I’), denotes the electro-static energy due to interionic interaction. If we 
consider the effect of polarization it may change from state to state. But the 
difference between them may rather be small. Thus the wave number of the 
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F-absorption band is approximately given by. the difference between the two 
electronic terms 


F=E®_—E®, (3.8) 


§ 4. Calculations and results. 


In the continuum model, the peak wave numbers (3.8) for the case II have 
been calculated as the difference of term values (3.4) and (3.5). The chosen 
value d for respective element taken from experiment is given in Table 1. Here, 
we remark once more that the material 


characteristic is introduced only through Ee: lod Chnithwes 4 


the ionic distance. The results are 
| 9 | 5 5 
tabulated in the row II of Table 2. TESA RITES WSS oA ed 


Seer ca esa Tm th mw | oast | 0.27 | 0.116 | 0.105 
i tee or Li | £ | 0180 | 0.115 | 0.101 | 0.086 


of the large molecule model stated in 7. 0.091 | 0.076 | 0.073 | 0.065 


the preceding section have been carried y | 0.122 | 0.067 | 0.063 | 0.053 
out for iithium halides. As for the 


hap eben ae E 0139 | 0.097 | 0.087 | 0.075 
wave function in (3.7), we employe Na | zr | 0.034 | 0.072 | 0.064 | 0.060 


¢, 2S Hartree function of Li-atom - v | 0343 | 0.086 | 0.079 | 0.068 


£E 0.106 | 0.079 | 0.072 0.064 
K I | 0.074 | 0.060 | 0.058 | 0.052 
Li 3.92 486 | 5.20 5.67 i | 0143 | 0.105 0.095 0.083 


9° : 
Na 4.36 5.32 | 5.64 6.11 E . 0.096 0.073 0.067 


2 ft } | 
x Se De Pi Bs Rb ZW | 0.070 | 0.058 | 0.054 
Rb 5.33 6.18 6.48 6.92 


L/ 0.133 0.103 0.091 


a a  E 
. ter-ionic distance i ; i ; 
pervs 1 ode ae ai Saree Table 2. Peak of band /y in atomic unit. 
atomic unit. 


F Cl Br I 


calculated by Obi.” It is expressed in a.u. as 
(2) =N [exp (—1.942) —0.268/ exp (—0.662)] (4.1) 


where WV is the normalization constant. As for the potential function (3.6), we 
employ 

V(t, 2) =(1/)[-2—-(2 + 5.4 2) exp (—5.402)] (4.2) 
as the potential due to Li-ion. This is calculated using Obi’s result. In the 


actual calculation, the effect of only six nearest neighbors have been taken into 
account, and for the outer, their effect are substituted by their effective point 


charges : 
(4 94) = £%/¢- (4.3) 


If the form of the wave function and the potential once fixed, the calculation 
of the matrix elements of our secular equation may be reduced to those of 
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molecular integrals familiar to the chemical binding. Its details will be given in 
the Mathematical Appendix and in this section we briefly sketch ovr method. 
Some rather cumbersome integrals encountered are the two- and three-center 
integrals familiar to the molecular binding. (See Fig. 3). Their integrands are 
the products of (1/¢) exp (—at) with the wave function of form 


tm, exp (—4¢) m=0, 1, 2+ 


For the evaluation of these integrals, Coulson™ has 
deviced an ingenious method in his treatise on 
molecular integrals. Most of our integrals have been 
evaluated according to his scheme and some others 
along the similar lines. The three center integrals 
have also been reduced by Coulson to the form of 
infinite series, but since their actual evaluations are 
too laborious, we prefer to under mentioned ap- 


proximate procedure. 
Select one of the center, the point 1 in Fig. 3, Fig. 3. Centers of two wave 
say, as the origin of the coordinate system and expand crear ere —— 
the other function in terms of functions with the ; 
same origin. Then construct a sphere with the center at the origin whose 
radius being equal to the distance between the two centers. Let us assume that 


the potential whose center is situated in the third be approximated by 
V(t;)= const = [V(d,)+ 1(4,) 1/2 t, <0, 
V (ts) = V(t,) (6,/05) t,> 90,. (4.4) 


Since the three 6,(z=1, 2, 3) values are nearly the same and most contributions 
to the integral are confined to the region where the overlapping of the electron 
could are relatively dense, this assumption may hold in a rather good approx- 
imation. If this approximation is legitimate, the evaluation of the three center 
integrals are reduced to the case of the two-centers. 

The results of calculations for the case of III and IV mentioned in § 2. are 
tabulated in the II and IV row of Table 2. The figures in the row indicated by 
& are the values due to Ivey’s experimental formula (1.1). LiBr and Lil are 
not observed in experiment and they are extrapolated values according to this 
formula. 

In Fig. 4 results of calculation of peak wave numbers for several lithium 
halides are plotted. Curves indicated by I’ I, III, IV corresponds to respective 
potential function plotted in Fig. 1. We can see how the calculated curves 
approach to experimental values as the precision of our model increases. Fig. 5 
is the plot of the two terms, the ground states and combining excited state 
mentioned above, as the function of interionic distance. 
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Fig. 4. Relation between peak of bands Fig. 5. Energy levels of trapped electron 
and inter-ionic distance for Li-salts for Li-salts (atomic unit). 
(atomic unit). 


The numerical values appeared in the row I’ of Table 2 and the plot I’ in 
Fig. 4 correspond to the case where the polarization effect is also taken into 
account. 


$5. Formulation of the dipole field. 


The results obtained in the last paragraph have been deduced by the model 
of rigid lattice. Here we consider how to formulate the polarization field in the 
theory. We represent the field V by the sum of two terms. 


Vir) =Valr) + Ve(r) (5.1) 


The first term is the field due to the rigid lattice and the second is the field 
due to the dipoles which are induced by the polarization and deformation of ions 
owing to the lattice defect. 2 

If we denote the dipole of i-th lattice point f,; and take the approximation 
like (2.2), V is expressed by the form: 


> > 
r—R hk (5.2) 


J all—ef. 


Ve) =D Ro PB) lr—Ril tt (CR, pen) 
La i fis 
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Here the first sum is to be covered over the range > 
involving ions which constitute the large molecule 
mentioned in §2, and the remaining terms have been 


replaced by the integrals approximately assuming a = 
effective continuous distribution of dipole moment. Ri 
If we assume that the density of the dipole 6 iA 


es 
es atR 
moment vector p is directed toward the vacancy as = 


it is represented in Fig. 6, in virtue of the symmetry 
consideration, and further assume that it is a function 
of R only, the integration of the second terms of 


c : iS F Fig. 6. 
(5.2) is easily carried out and get the following Testis phy niall. 
results. 
ic 
> > > > > > |7;<@ 
Vrj= Dm Gk. 7) | r—K, ie % © > (53) 
[i4en| aR lr |>e 


where the parameter a@ means the radius of equivalent sphere substituting the 
portion of the large molecule in a continuum. Assuming that the intensity of 


the total field is directed along the radial direction in the domain Ir |>a, we 
can put the next relation. 


2. a al “ 
| L |= —YHery- “aro (5.4) 


For simplicity, we consider only the case where y,.,7, is a constant. In this case, 
we obtain from (5.1), (5.3) and (5.4) the final result: 


F Vr > “in 3 Pi ie > es a's 
ri-| G) +3 °-RK, A) [PR | I [<a 
(Xp) Var) +h (r—Ri ) | r—R|-] | r l>a (5.5) 
Lepp.= 1+ AT ys. (5.6) 


where x, is the effective dielectric constant. The above mentioned effect of 
polarization is schematically represented in the primed figures of Fig. 1 Each 

imed i i f i i ae 
prime figure is obtained from the corresponding unprimed one by adding the 
term V;(r). 


Now, the problem how to determine the values of Pe and xy, will be touched 
in the following. This is a fairly difficult problem because the mechanism of 
displacement and deformation of ions is very complicated. Several authors treated 
the matter from the stand point of lattice statistics.“ But in the case of F-center 


both ~, and xy depend on the form of the wave function ¥ of the trapped 


electron. Therefore we must treat the matter in a self consistent manner, and a 
, 


Theory of Color Centers in Ionic Crystals. I. 261 


detailed calculation of the polarization. effect will be postponed to another 
opportunity. 

Here, it may be interesting to compare the field discussed here to the one 
used by Tibbs. Considered from the point of the above discussion, shown 
schematically in Fig. 1, the Tibbs’s potential is near to our continuum model II’. 

If we regard the results of §4 as the zeroth approximation, the effect due to 


> 

the term ’,(7) may be considered as the perturbation. On the other hand, if 
we treat the effect of polarization from the outset, it is natural to start from the 
simplest medel I’. Then the effective dielectric constant x yy, is determined by 


Xeyy = 1 +42 (a, +a_)/(2d )° 


where a, and a_ denote the polarizability of the free positive and negative ions 
respectively. %,,,, corresponds to %, the optical dielectric constant, which has 
been used by Tibbs. The values of %,,, are 
tabulated in Table 3. Using these values of 

F Cl Br I 


x.47., we have calculated the peak wave number | 
it 1.757 2.366 2.450 2.659 


Na 1.621 2.087 2.175 2.357 
K 1.617 1.911 1.995 2.132 


we Rb 1.683 1.909 2.025 2.089 
of the wave number to the variation of the —1L_ 


positive ions with fixed negative ion is not in ‘Table 3. Effective dielectric constant. 
accord with that of the experimental results. 

As we have stated in the last paragraph, the calculated peak wave numbers 
approach systematically to the observed ones as our order of approximation 
increases in spite of our assumption of the rigid lattice model. Thus the authors 
are of opinion that their model fits rather good to the actual circumstance and the 
effect of polarization does not play an important part at least in the case of 
determination of the wave number of F-absorption bands. 


according to our model J’. They are repre- 
sented in the row I’ of Table 2 and plotted 
in Fig. 4. It is remarked that the dependence 


§ 6. Summary. 


(1) In order to obtain the value of a peak number of F-bands, we have studied 
systematically the potential field for the trapped electron in the vicinity of the 
vacancy. In the zeroth approximation, we employ the model of the rigid lattice 
neglecting the effects of polarization. The potential fields used in our theory are 
schematically shown in Fig. 1. 

(2) For several cases of the potential fields, the Schroedinger equation was 
solved by the variation method. For the continuum model we took the form of 
the hydrogen-like wave function. As to the model of the large molecule, the 
form of the wave function is the linear combination of the six 2S wave functions 
of the Li-atom located at the nearest lattice points. 

(3) The results of calculations are tabulated in Table 2, which show that the 
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calculated energy approaches to the observed ones as the precision of our model 
increases. 

(4) The effect of polarization has been formulated in the theory by assuming 
that the field is due to the dipoles located at the lattice points. The results 
are shown schematically as the primed figures in Fig. 1. The calculation due to 
the field Case I’ suggests that the polarization contributes no primary effect. 

The authors wish to thank Mr. Obi for his kind admission to use the 
result of the Hartree-function for Li-atom before the publication. We are also 
very grateful to Dr. Muto, the Professor of the Institute of Science and Technology 
of Tokyo University, for his valuable discussions and thanks are due to Miss 
Mikosiba for her assistance in the numerical work. The authors are indebted to 
the Japanese Council of Science for their financial help. 


Mathematical Appendix 
I) Solution of the secular equation 
From (3.6) and (3.7) the secular equation is set as follows : 


O4 Ox O, Og Oz O, 
O.0,°°0, Vigna aed 
0 


wil ctl a Tiida Gy (A. 1) 
a wer 0, 0, 0, O, | 
Oz, Oo O, Of O, 0, | 
CF SR Pe ee 


where 
O4=J Pro A—-E) P00 a, 
On=J Pi0(H—F) Pro az, (A. 2) 
Oo=J $_100(A—E) Prog Ae. 

(A. 1) is reduced to the following three equations. 
0,—0.=0, 
04+40,+0=0, (A. 3) 
0,—20,-+ 0o=0, 


Hi, The first two equations of (A. 3) give the energy values E® and E™ as 
ollows : 


LT + (A—C)/(1—S)), 
E®=14 (AtB+O)/(144Se+5S,), (A.4) 
I=J 100 (—4/2+ V0) P00 dz. 


Theory of Color Centers in lonic Crystals. I. 263 


I means the ionization energy of the, positive ion and A, B, C are calculated from 
the following formula according to the model of § 2. 


Case III) 
21/0, 
A=— DA re 4A.» “t rey AS 
(A. 5) 
B=—4B8,1+28. 2+ 28.3, 
C= —4C.1 + AC. 2. 
Case IV 2,172; 2,= 1/4, == 1/8: 
A= (— Ani t+ 4Ane+ Ans) + (4As +4Are + 44ers) + (4A est +44..0), 
B= (—28.,.+22.,3) ae (Brat +4B.,0 
< Matrix-| Center of Cent 
= 28.3 +4B ett Bess a (2 B zgl ees Bie reaction aaa 
+4B.2+23.5), (A. 6) Sp (100) (010) 
C=4C uot (3 Cin +40 x2) + 8 Cit Se (100) (—100) 

All terms which appear in (A.5) and ie ant oe i 
(A. my are the matrix elements whose values as (100) (100). (—100) 
are given by the integrals in which we pat Ben | (100) (010) | (400) 
the product of (4.1), (4.2) or (4.3) asin 2... | (400) (010) (001) 
tegrand. The position of center of these 2,,; | (100) (010) (—101) 
functions are shown in Table 4, (See Fig. 2) C81 (100) (—100) (100) 
S, and Sg in (A.4) are the overlap integrals Cex (100) (—100) | (010) 
and are given as follows: Asn | (100) (100) (110) 

f—_ dt, Az | (100) (100) (011) 
B § Po10s00 ri (100) (100) (—110) 
Sc=J $-s00100 2. Ben | (100) (010) (110) 
Be | (100) (010) (101) 
II) Calculation of the two center in- Beas | (100) (O10) (—110) 
tegral (Coulson’s method) Bezi_| (100) (010) (—101) 
: Bey; | (100) (010) (12510) 

If we take the simplifying assumption ©¢ |, (100) (100) | (110) 
(4.4), we can reduce the calculation of all Coe (100) (—100) | (011) 
matrix elements to the evaluation of two os reiate | ali 
center integrals of form: Aaa | (100) (100) bo fea) 

; 

m1 ale i A plats e =i; at. PNAS B33 (100) (O10) | (111) 

j £"" exp (—4, Wh xp(—2, 2) ( ) _p., | 00) (010) | 1 

In order to transform the coordinate Bz, | (100) (010) (i= 11) 
system denoted by the eufax 2 to that, of LaCie) (10) Oh) 


ER 


we can take the following formula which has — pyyje 4, Centers of potential function 
been used in the Coulson’s paper Lie and wave function (See Fig. 2). 
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ie exp (— dy) pA CIES 1) (4, ?) ae a (coh 9s )in (doA; Pp) , 
a=0 


ys bp Knit OG) pot 
j2(OP )KnsryO4 xa 


eee, 


ben yalths Kae (Op) p<t 


where /and X are the modified Bessel functions 
and @, and p are shown in Fig. 7. 

Then we can estimate (A.8) in terms 
of the following two integrals. 


R : = 
[rn@ exp (—ar)dr=P,n(a, R), Fig. 7. 
0 


(A. 10) 


[rn exp (—ar)dr=Q;,, (a, R). 
R 


In this way the matrix elements are calculated in terms of the following 
quantities. 


4,= (27) "Pasa neve [R], F*= (2/7)? O* nssja nar [LR], 

By= (27)? Preys neil G*= (2/2)? QO* narig nsries 

Cn= (27)? Prsrye n—as FI* = (2/2) "?Q* narjy nt) 

Des (OE) Peas wai ¥= (2/2) "QO nssiy n—11m (A. 11) 
En= (27) Pavets nts» N*= (2/2) 140 * nese n—2/ 

Ene) Pn wt N*= (2/2)"Q* 647. wan 


where 
PrnLR]=R"I,(R) exp (—aR), 
Oral RJ=R"K,(R) exp (—aR). 


These quantities are estimated by the following recurrence formula due to 
Coulson, 


Ao (e®@ —e-*) e- ak A_,= (e+ “*e)e-2® /R, 
An= R*Aga— (20-1) Ay, 


By= (a—1) 1 (1—e- @-*) — (a +1) (1—e-@+) 


| (A. 12) 
(a°—1) By=22Buy:—aAy—-RAg-1, 

Cama +A,, Dn= Bast (2n+1) By, 

Fn=Crset (2n+ 1) Casts E,=Daist (2% +1) Dass 

Fx = eat DR F*, =e-(@R/R 


Pts OS + (Qi 1) ASS 
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Go =e PF /(a+1), 

(2—1) G*=—2nG*_,+aF*#—RF*,, 

Hk = —aGi + F;%, M*k=Gx_,— Qut+1)G¥, 
NE=Ak.— Qut+1)He,,, N*=M*.— (Qn+1)M*,,. 


(A. 13) 
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§ 1. Introduction. 


Previously, we proposed a new method to integrate in relativistically invariant 
manner the integral appearing in perturbation calculation. Hitherto, in various 
problems of the quantum field theory, the customary perturbation method has 
frequently given results evidently destroying the relativistic covariance ; for example, 
in the problem of the self-energy of a moving electron. But, since the system of 
quantum field theory is of a relativistically invariant structure, it must be concluded 
that the cause of the failure of relativistic covariance lies in the course of the 
perturbation calculation. Our new calculation method (zv-method) remedies this 
defect of perturbation calculation and gives results having the correct relativistic 
covariance. 

The advantage of the z-method are as follows; results having the correct 
relativistic covariance can be obtained; the calculation becomes much easier and 
the relation to the various results obtained by means of usual perturbation 
calculation can be seen explicitly. 

However, we apply this method to the usual perturbation formalism which 


has not the covariant form. Of course, such patchy method will soon. see its 


ruin as his own natural fate. It comes with the appearance of Feynman’s 


theory !® But available parts of the past theory always still remain, and moreover, 
the perturbation calculation in the quantized field theory is a relativistic invariant 
method in spite of its non-relativistic form. In the calculation in Feynman theory, 
zv-method can also be used and its meaning becomes clear. In the -method, 
the domain of integral is determined in relativistically invariant manner. Considering 


the physical meaning of this method determining the domain, w-method is easily 
introduced into Feynman theory. 


§ 2. 2e-method in Feynman theory. 


For simplicity, we consider the case when particles with g,, 4, (mass WZ, 
— . . . . . : 
“4d, respectively) are created, annihilating a particle with energy momentum 
4-vecter 4, (mass x). 


* Continued from Prog. Theor. Phys. 4 (1949), 420. 


. 
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Let us discuss the integral in following most simple case. 


_( eadko( pt+k—t) 
dy d= | CRnay od Y 


ne ak 
=| {(P—2(tkh) +"? —4,} (F—4,) (1’) 


In order to investigate this integral on the bases of the physical meaning of 
zy-method, we shall first investigate what domain should be taken in the integration 
by zv-method. 


i) w-method point of view. 


In the perturbation calculation, an integral of the following form occurs in 
the present case ; 

JSF Cp, 2)dp dk (2) 
where F(/, 2) is a certain function of ~, and 4,, and bold letters mean three 
dimensional space vectors. Owing to the momentum conservation law (1) can 
be written as 

§ G(p)ap. (3) 
In the zw-method, the domain of integral is determined as follows : 

(a) The integration domain must be prescribed for the integral (2). 

(b) The domain is a region enclosed by a surface on which the momentum- 
space scalar quantity zw takes a constant value. 

(c) The domain becomes a momentum space sphere when referred to a 
appropriate system of coordinates. 

(d) As the four dimensional scalar quantity w, we may take the four 
dimensional scalar product of the momentum energy four vectors (f,%). Then 
we transform the integral variable p to w(f,#) and integrate in domain between 
two surfaces w=const. 

Accordingly this integration domain is completely symmetric’ for two particles 
p, &, in the intermediate state, and the contributions of two particles with mass 
/4,, ~ d, to the integral (2) (Figs 1, 
and C,) are unified to the domain of w on 
an average. 

In our previous calculation, however, we 
used three-dimensional angle cos 8 and only 
after integrating for 0, we obtained the only 
w-dependent function without involving 4, Er 
relativistically invariant form, since (zw, 4) 
does not construct an orthogonal ¢oordinate 
system. That the result becomes to have the 
only z-dependent form, after integrating for 
6 shows that w is the inner product of Fig. 1. 
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~ 


energy-momentum four vectors belonging to two particles with oppositely directed 
5 “,* bd 
momenta J and —J respectively, because, by the condition (c), the domain of w 
is a sphere when referred to the coordinate system p+k=0, €=0. 


w=Es, Biagt (U, l), (4) 
and so, from (4) (cf. Fig. 1. curve zw) 


w=OA =O BA: BA =BC-BD. (5) 


ii) w-method in Feynman theory. 


On the basis of the above consideration, let us consider the integration 
method of (1’). One of the differences between the interpretation of perturbation 
theory and that of Feynman theory is that in the former all physical phenomena 
are regarded as the motions subjected to a definite time direction while in the 
latter such transitions as the pair-production as motions in opposite time direction. 
Taking into account the motion in opposite time direction as Feynman, we can 
rewrite the integral [ata ja jz in perturbation theory into at ty | at 
fae, because we have. then no longer the restrictions 4 </¢, etc. This situation 
makes following difference between two theories. In perturbation theory, the 
integration is over the freedom of energy, since there it is unnecessary to conserve 
energy. 

On the other hand in Feynman theory, energy and momentum are conserved, 
so that there is no freedom of energy for a definite mass. Because of the relation 
p+k=t in (1), however, it is not always necessary that mass in p+ is 4,; 
and so, there is the freedom of mass! Accordingly, in transforming this freedom 
of mass to the freedom of energy for definite masses J, and 4,, one can make 
obvious the relation between perturbation and Feynman theory. 

In order to introduce the freedom of mass explicitly, we take the following 
procedure. According to the consideration in (i), we symmetrize the integral (1’ ) 
for p and & In performing this, we use a brilliant formula introduced by 
Feynman.” (The essential meaning of this formula is this !!!) 


1 
ete | de . ao =e 
a ax(axt+b(1—2x))™. | (6) 
Using this, (1’) becomes) 
Teddy f.ax{ : a 
0 J{M—2(4, 4)¢+(4.—4,+%)2—4,}" 


=| poe (7) 


l=k—xt, (8) 
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Z=(4,—4,+%)4—4,. (9) 


Thus, we can write down the effect of two particles 2, by only one variable /; 
and then, we take four dimensional sphere of 7 as integration domain. (This 
corresponds to the specification of intergation domain of w!) 

Consequently, we can interpret the integral (7) as the contributions from 
particles with the various masses m(m?=2xx°—Z). (Of course, this means only 
that there is the freedom of mass, but not that various particles with various 
masses really exist.) In order to complete the correspondence to w, it is neces- 
sary that contributions from these particles with various masses should be reduced 
to’ that from two particles with masses 4, and 4,. The domain +=[1,0] corres- 
ponds to the domain m°=[4;, 4,], that is, (7) shows in Fig. 1 that mass can 
vary only in the domain between curve C, and C,. Performing the integral of 
(7) for x, these contributions of particles with various masses collectively become 
those of particles with mass 4, and 4, i. e. the values of both end in the domain 
(cf. Fig. 1. cuves C, and C)). 

Carrying out the integrations in 4, and 7, 


AR ‘co y yi 
1A GBS A,) = Bt | ce 
On )2x% co teak a aed 
(2a )’2x Roe 43 dey 
x —(4,—4,) x — (4,—4,) | = 
x| a tetra (10) 


Of course, (10) is of. a perfectly symmetric form for 4, and 4,, and shows 
contributions from two curves C, and Cy in Fig. 1. 

Now, the correspondence to w is complete. 

w is related to / by (4). However, / is not a relativistically invariant 
quantity but w an invariant quantity. Therefore, transforming the variable 7 to 
w by (4), from (10), 

Ms w* uae : 
T (Ay, 43) pee les aS — 4,4,) [°(w+ 4,+4,) — (4,—4,)*] (11) 
(27) V Bike (eu? —fwt g) (wt+4,+4,) 

f= (4,—4,)?—2%°(4, + dy) +2 

gH 2" (4) +43) —24, + 4.) 7 (4,-— 4,)?(4,+ 42) 
Thus, we can express the integral (1) by using an invariant in energy momentum 
space. Since it is an expression in energy-momentum spacc, its relation to 
previous results produced by means of the ordinary perturbation calculation is 
clear. By using this procedure, as we shall show later, we can obtain the same 
results as in the usual perturbation calculation. 

Summary: We may rewrite integration in general case, by using formula 
(6) repeatedly and by transformation (8), to the form of integral (7) for the 


(12) 
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quantity 7 which is symmetric for two particles ~, &,; and then, transform this 
quantity 7 to z by using (4). 

At that time, the order of integration for + and J, the transformation /—>zw 
and integration for / is arbitrary. After all, one must transform variable / to w 


somewhere, and bring the expression to the Lorentz invariant form. 


$3. Example, self-energy of an electron. 


For example, we shall calculate the self-energy of an electron, and show its 
results to agree with the previous results by using z-method in perturbation 
theory. 

Self-energy of an electron ¢ (mase ~ 4, =x) due to the field ¢ (mass ~ 4, ) 
is, taking the interaction fYO¢d (O: a function of 7-matrices), given by 


w= 45) £( LeeLG) +] 
(phe ae me eC 


(i) Self-energy of an electron due to the neutral scalar meson: HW4,(O =1) (e.g. 
Self-energy of an electron due to the C-meson) 
In this case, we have following two integrals : 


a( p+ h—d (2) (13) 


_ ( apdtkd (p+h—t) 
— (fod "patho (p+h—t) 
1 Od |s Aaa) sai 


Using the above mentioned procedure, 


, al 22 1 ° d 
I(4,, 4, =+ t | log Y— {| a aaa o 
aig 24) Oe er a a 4x° Sl te! a = 


9 2 : 
Seg ee (S)=2 log {-3-(41) tte? (11’) 


4, wero 


dA Soe hy ak ee 1 4 
(drm A tg Bohs aya), tog (4) 


—4, log (<:)| —4.{@+4,—4,) log (4:-)+ (#4, +.4,) log (4) 


2BD o 1 4 (d,.+4 —x—D 
+p s [y-(G) Ge) HN (14") 


2 


B=*%—4,+4,, D=(B'—424,)", 


eine the masses of electron and C-meson, 4,, 4,(4,;=2°, d,=m") into C2} 
and (14), we can obtain the same results as before.” But we can get previous 
results even in the form of integral. Performing the transformation in (11), 
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TA) So [riot ayo SET te 


ay (27) J 242m w' (w! +4) 
Similarly, 
Ao aaa {{* {(w! + 4,)?—44,( +45) ¥? 9 
. 2(27)* m2+2u%m w' (zw! +4,) dw 


: re) erat caw - 1/2 
—(4 a= Ay | { (a +4,) 44,( zw! + 4;) } A ‘ 
1 >) Pei a! (z' + 4,)° aw 


’ 


From (13), (O=1) 
ire +9 DLL(GO +x)/— role) }#(e) 


ines i “| 2 \- { (w'+4,)°—44,(w' +4)" ay 
2n 4 m2+2Am uw" (cw ae a) ma : 


4,—4,) (* {(w'+4,)°—44,(w" 1/2 hn 
+ ( Z 2) | i( + 5) 44, (w +4,)} del |FOYO. 


m2+2axm zw! (ao! ot Ai)" 


This perfectly agrees with the previous result obtained by means of 


usual perturbation theory.” 
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(15) 
(16) 


(17) 


(18) 


cv-method in 


ii) Electromagnatic self-energy of an electron W,(4,=0, f=¢, O=i7y, $=Ay)- Using 


(13) 
Wea GO 4) Ml Tat ol ore 1 (2) 


a cea i ¢ Ol, 
=- “5 {27 + 23% | sh(0). 


Setting 4,=%, and 4,=0 in i rand: Clan), (accordingly B=D=0) 


[(#,0) = -* poolog (=)... 


2 
2 ged it te itl \ as! 1 
To(x?, 0) =—5-ta {5 log (42) aa 
From (19), (20), (21) 


pfs 22° VT Oe bale liga 
W,= on x| 2 log ( ¢ ) 6 wag). 


This also agrees with the previous result.” 


(19) 


(20) 


In conclusion, we would like to express our sincere thank to Prof. S. Sakata, 


for his interest in this work and to Mr. Minoru Umezawa_ for 


discussions. 
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§ 1. Introduction. 


The covariant quantum field theory developed by Tomonaga, Schwinger and 
Feynman has been applied by many authors to the enormous caluculations of 
various processes. However, difficulties which seemed to attributable to the 
mathematical defects in usual quantum electrodynamics still appear with the various 
types everywhere in these calculations. Although these causes may be analyzed 
from the different points of view, one can treat some of them as the problems of 
ambiguity by distinguishing them from the fatal difficulties of so-called divergence. 

A part-of these problems is characterized by the aspect that the results of 
calculations of matrix elements contradict with the formal requirements, such as 
the gauge-invariance, divergence theorem and equivalence theorem. Although 
these discrepancies would be removed by formal procedure, there would still 
remain various ambiguities in the results which could not be tested by any 
requirement, so that these conclusions are quite unreliable. 

Recently, Pauli and Villars? proposed the regulator method by which one can 
automatically remove these difficulties, and the circumstances seemed to be much 
improved. However, this method has not only the own difficulties that its 
procedure contradicted with the present concepts of field theory, but also has no 
definite rule on what conditions one may rationalized the results. Accordingly, 
we can hardly find the consistent conditions by which one separate physically 
significant results from non-physical terms throughout in the field theory.” 

On the other hand, the method of the mixed field theory analyzed by 
Umezawa and Kawabe, Feldman and Rayski® succeeded in the problem of photon 
self-energy, but not offered the answers for the removal of ambiguity in general 
forms. 


In this paper, we try to examine whether the method satisfying the following 


three requirements simultaneously exists or not: 


1, The matrix elements which have the formal properties, such as the gauge 


invariancy, divergence theorem and equivalence theorem should also preserve 
them after the calculations. 


The ambiguous terms in the matrix elements which have no formally required 
propeities should also be removed. 
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3. All physically significant terms should be retained after the removal of 
ambiguous terms. 

It will be concluded that we can hardly find the mathematically. consistent 
theory satisfying above these requirements. In spite of this conclusion, if we 
utilize the points of the mathematical defects in the opposite sense, we may find 
a way of the temporal escape, though it seems very paradoxical. 

A procedure will be proposed in this paper as an example of such a method. 
From the results obtained in this way, we will conclude that the regulator method 
has been raised the unnecessary confusions and more analytical method should 
be necessitated by which one can overcome these difficulties throughout. 


§ 2. General Remarks and the Photon Self-Energy Problem. 


Firstly, we analyze what happens from the pathological nature of the invariant 
delta-functions in the calculations. To our opinion, the causes by which the 
ambiguous terms are raised, are partly due to the fact that in spite of the 
circumstances that these pseudo-functions are not well defined at the origin, 
we are obliged to evaluate the values of them at very this point. Consequently, 
in order to obtain any definite result, we should have recourse to the so-called 
« Arithmetics of Infinity’, such as ©@ +, © X @, ce A rene 


oe) 
Accordingly, although these functions would satisfy the identity 
(LT? —m*?)4(X)=0 and (LP—m’*) 4(X)=—O(X), (2.1) 


we can not assert that this very nature is preserved in the calculations of the 
matrix elements which consist of these functions. For instances, we have the 
following identities from the above mentioned nature: 


§ (G+ L)8™ (G4+L)dg=—njor™ (gi+L)dq, (2.2) 
and more generally, 
f(Gh+L)"*96" (gGi+L)dg=0 . a2 
! 9 
[(dh-+ Ly"-80 (Gh + L)dg = (—I* TOD 420. 8) 


However, if we apply the other method of calculation to the left hand side 
of (2.2), we have for the cases of nl 


[G+ DeomritDa = si [da (iano | (gi + Lyeterdy. 


Here, using the integral values of 


feng ep eK (a : 
x (2.4) 


\ 1 ; 
Jongetdg =—— 5.72 —— c,e(a) O(a) — 1%c.0 (2) | ; 
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we have 


(2) ae |aac'*[ —2q"-*+2c,a"~*e (a) (a) +2izc.a" “0 (a) +1La"~*e (a) 


= —(Z)" ae dae (a) a” *e't* — (4)"2(1—«,) P(g *?*),..4 


re (i) m+iz°- (dae (a) a"~*6(a) e* : 


where we retain the indefinite terms in (2.4) with arbitrary constants ¢, and G, 
and take the principal value in the last second term. On the other hand, the 
right-hand side of (2.2) becomes 


— on J dae (a)"~*a" 


Judging from above circumstances, in order to identify the above two results at 
least in the cases of z<1, we have to retain the indefinite terms and take the 
arbitrary constants as 


a=l1 and &=0. (2.5) 


And using these conditions, we can also get the identities in the cases of w22. 
On the contrary, there may exist the definitions of (2.4) by which one can 
take in the case of x<l 


7 = : 
{| 59 +1]0™ (i+ L)dg=0. (2.6) 
In fact, we calculate the left-hand side of (2.6) and get 


(iynn( 75" a —1)P(a “Selah + (é)"*'2°cy | dae (a) a"-°3(a) e*4, 


Accordingly, if we take the conditions 
¢>==— and c=0, (2.7) 


the above identities hold. 

Comparing the above two types of conditions, we can conclude that the 
definitions (2.5) and (2.7) are consistent in the case of »=0, but not in the case 
of =1 and if we take the one identity, we are obliged to give up the others. 

By the way, it should be remarked that in the cases of n> 2, (2.6) is 
compatible with (2.2) in virture of the relations between the definite integrals : 


LO (9, + L) dg= (2—n) JO" (Gi + L)dg xn>2 (2.8) 


From the above considerations, it seems to be probably true that in the case of 


u=1, (2.6) also holds and if this would be true, it will be doubtful why (2.6) 
does not hold in the case of nu=2, that is: 
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{ £0" (9, + L)dq=0. (2.9) 
But in this case, the circumstances are not so good as others. Because the left- 
hand side of (2.9) has the definite value 7 and not zero. In spite of this, this 
very equation plays the important roles in the problems of ambiguity as discussed 
in the later section. 
Here, we consider the problem of photon self-energy. Using the new method 
of Schwinger’s II,” we have 


1 pA ’ , i f 
Cut) Pe nena adhd ere” Thy ky aim Eyky— Ou (he = nt") | | 


E+ wt) . de2+2) | 
Re + aw +m 


il, 7,47 Q u . 9 - 9 ° 
= hfe (Baby Oth) [ve 1) [gh ht w= 0) fem) 
sha) : (2.10) 
Sy 1 
soe | au | dog +24 u(l—m)pi + 0} ]8"(g, + wl — u) p +71"). 
jase 0 


The first term of this result expresses the charge alteration and the effect of 
vacuum polarization, the second the photon self-energy which forms (2.6)-type. 


If we use (2.5), we have 


rosy? el di dgl u(1—u) pram? } de (gi+ud—u)p~it 0°) 


—d(g3 tu(l—u) pi +77), (2ld) 
and this has a quadratic divergence or a finite value which are already calculated 


by many authors.* 
The new result of Schwinger’s calculations seems to be equivalent to our 


definition (2.6) from the above consideration. In fact, we have after some 
calculations 


a aap AKER S| (Zl? 2 (4+ By fk) Z ee Ess tacit 
faa ¢ | + 71 +h + (#2 +m’) (4h) Boag ais ae 


‘1 
=— = cpe=| du{ dof [1 —u) pit} + g3)8 (Gtud—) prt ut") , 
0 


which indicates the equivalency of Schwinger’s procedure and our’s. And both 
procedures give the vanishing photon self-energy. However, as discussed above, 
the discrepancy between (2.7) and (2.5) arises, and we must overcome this 
difficulty by any other method in the future theory. Although the regulator 
method and the mixed theory also remove this discrepancy, we must criticize the 


* If we cut off the upper limit in the momentum space, finite terms will include the fy-term which 


is reduced to charge alteration type. But this seems to be incorrect from the covariant view point and it 
is hoped that the calculations are taken such as the result is independent of /)-term as shown by 


Wentzel) and Pauli-Villars. 
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method from the fact what degrees it can grasp the difficulties in general and 
to our oppinion these methods seem to fail again. 

After all, it seems to be probably true, except the above example, that the 
validity of (2.6) in the case of ~=I exists and then we try to examine what 
results we can get from the applications of (2.6) to the removal of ambiguous 
terms appearing in the various elemental processes. 

By the way we alsc consider the validity of (2.6) in the case of m=2 in 
the last section. 


§ 3. Removal of Ambiguous Terms. Case 1 A~B(A*—B*+C and A—A) 


In order to examine the ambiguity, we have to investigate the processes of 
which the virtual fermion field relates, such as the closed loop type in the language 
of Dyson-Feynman’s diagram. 

Af first, we consider the second order processes of the self-energies of boson 
due to the fermion field and the decay processes of boson into fermion passing 
through the virtual fermion field, such as 7—f decay. 


Excluding the isotopic spin, the matrix elements are written 
(Lo ral) = — on J AX X") Kan (XX), 
Ku2(X) =S,(0S 0 (—X) 75 ( X)r«) 


+ ai wx ee O(4 +n) , 0(42+m?*) 
=F (ded OOMAK (2, B 
cau A ERY ZO) ee te i (3.2) 
‘ 1 : Rar 
Kash. & ) = Sol(—i7h— m ralzh —m)ryr]. (3.3) 


Writing Ky,(%, 2") schematically such as [4-coupling, B-coupling], we have the 
following results, where we take 74 and yy as 1 (scalar), 7, (vector), 747, (tensor), 
7s (pseudoscalar), 7,7, (pseudovector) and 7,747, (pseudotensor) respectively : 


eae =k! + mi’, 

Ls, v=[e 5], =im(k—2'),, 

Ls, “]po= —[t, s]yo = —(4,ko—hoh>), 

Ls, P¢]oo= —[ Pt, S]po = Laks ES L757 pera], 

[we y,v =hy ky th hy dyy(hk’—m’), 

[2 4] n, po=—[4, Uo, p = —im[ (4+ &’),Oyo— (4+ 2") oy, ], (3.4) 
[% Prluv=—[pr, 07], =(haks) ES Lrarursrerels 

[2% Ae]u, po=—[ Pt, v]po,n = —im(h+# at Sol 7eV of oF ule], 

dk ee 


= (Lah 4S, [7e7'wi's'at' po] + 7°} Sn pFel, 
[4 Ps]po= —[ PS, po = (be8) ES, [rer postal, 
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lt, PU} ,0, w= =[pu, Z]., po =im(hk—k’') SP OAT rere 
[4,Pt)nv,co=[ Pt thou = (Fabs ASL rer prover ur tel + 24S, [ror of of ad's ]s 
[ ps, ps] = — hh! + 7’, 


[ ps, pv ],=—[ pz, ps], 1 k+ hk’), 
LAs, Pt}o= —[ Pt, Ds]e0 =h,ko—koh',, 


[ pu, ppv =h ky +hyhit Oy (kl +), 
[22 Pfly, .o= —[ pe, PV] p0, p= tm (L—4') Ouo— (2—-#’) vel, 
LPS Aelighe == (LAs) ASA rer el sie pfo| HH 4S] 7 atr ove] « 


In the above equations, there are eight terms including the ambiguous one, 
i. e. [s,s], [v, 7], [4 4], [¢, 22], [242], [45,25], (pz, pv] and [p4, p/], and the terms 
for which we can anticipate the resuits (uniquely) by the formal requirements, 
such as the divergence theorem (including the gauge invariancy) and the equiva- 
lence theorem, are only two, i. e. [v, 7] and [ pz, pv]. 

Further, it will be remarked that the equivalence theorem between [ ps, pv] 
and [ fs, x] does not hold according to the general consideration. However, both 
requirements are only conditionally satisfied by |v, v] and [pz, gv], while they are 
exactly satisfied by the other matrix elements. Accordingly, it is hoped that the 
results of these two terms calculated by using our procedure (2.6) are satisfied 
exactly, and if these would be surely done, it seems to be naturally accepted that 
the other matrix elements are also evaluated by the similar procedure. 


: l—z 
In fact, after the transformation of moment such as b= gts and 


hk! = —g+ ibd ~, by which we get the equation 
bP? + n° ae 


aera +(e \P +m], (3.5) 


and we have 


[s,5) = eek 1—7")p’ +4’], 

ry Ser ea i 
[2, U)si,y =( Ppp — 0,0") Reon? 
[z, t],, po=— Olay tm 2,Ono— —foO x9]; 


1 
[2 Plu, o=—[ Pt, po w= — I Pag Sal FoF pV of wa), 


[45,25] =~ [3(—2')p°+ 4] (3-6) 
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[ ps, pu]u= —[ 22 ps |e) =e; ~ 
[pr pr }y, v =( Duby — Oat A= —26, 0, 


[4 tes, po = a pabede +2, pus —PuloFpr —py pF x0] 


= (- at * mn?) D4,0y0—Spe% yo)» 


1-7 


[Z, Plu, p= pt, t] po, a 5) [DrDpOmy + Pm Pu Py— Pm PP — DP Sm] 


(= p+ mt) X (Op Ony— Orv F mp) 


where we use Gat T= (Fim) » and 


l-v 


[ pt, Pelur, po es D) [Pp 29,0 + Py PoIup— Pu PoFp,—Pr Pp Ono] 


1-—r 2 2 > x n 
+( 4 £ — mt?) (B,D 0A p08). 


It is easily seen that our results exactly satisfy the above mentioned requirements 
and that these results are the most adequate ones in the regions of our considera- 
tions. Although these matrix elements include the logarithmic divergences, how 
to treat these difficulties, that is, whether we subtract divergences as a whole or 
not, is still questionable, but in the present stage we are obliged to rely on the 
phenomenological consideration. As far as the self-energies of boson concerned, 


we already discussed some types, such as [s,s], [fs, ps], [ps, pv], and [ pz, po], 
in other places.” 


§4. Removal of Ambiguous Terms. Case 11. 
A—>B+C (A*—B*+C and A°—B°+B°) 


As discussed in §2, the reason why one can not get rid of the difficulties 
in this case is that the indefinite natures of the integrals are out of the question. 
That is, the most parts of the results are determined with the mathematical 
uniqueness and therefore we can not remove the difficulties by the mathematically 
reasonable techniques. If we apply the regulator method to these cases, we have 
not the consistent conditions throughout the processes and it will be very doubtful 
Whether the results which are calculated by using this procedure are reliable or 
not. 


Consequently, we here try to examine the validity of the mathematically 
incorrect identity 


j Lo" (+ L)dg=0, (4.1) 


and then consider at what degrees this procedure determines the results uniquely.* 
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According to the elaborate calculations by Fukuda, Hayakawa and Miyamoto,” 
we take as the fundamental formulae, 


UP*rataP]) = Sn8o | AX AX" U XU A(X") Knol X—X", X"—X), (4.2) 


1s Ay n) ae {1 + (—rrrml s (OSE r95 (—F—y)7ceS™ (9) 7a) 


2 ae {i+ (—1yrrenesl (cpa dei aw smear sine, CB, k, ®) 


(4.3) 
O( 2? + 77) | 
x E (2h? 4 m°) (RP? ae m2) ’ 
ORLA $e (Gz? —m)rn(—izh—m) piv! —m) rp] > (4.4) 
and translating it to momentum space, we have 
0(2° + *m) =+| { WIT 72 = 2 Taye? 
>» (22+ mm) (2? + me) _ o Jee uduo| 13+ a( a) Pi, + ( 9 
—2ab(p~igqn) +], (4.5) 
where 
k =l+apt+bg aat ten 
k! =—l+ (1—a)p—dq and a?) 
hl = —l—ap+ (1—d)9 ear 8 


A) 7-Decay of Neutral Meson. 


In this case, we especially take 7,=7,, 7o=7, and £.=G=9, and utilize the 
identity 


§ [1° —206( prga) JO" + 12° —2.06f,9, ]al=0 . (4. 1a) 
(1) Case of Scalar Meson (y,=1) 
After some calculations, we have 
Kv, 2% s]y, y= m[—9,,(m?—2abpq) + 2a(2a— 1) py py t 26(26—1) quay 


+ (1—2(a+4) +426) pg, + (—1 +406) (D.9.—9u.9)], 


and then if we drop the first terms by using (4.la) and the second and the 
third terms by virture of integral of ~ and v, we get 


K[v, v, s]p, y= A—2 (a+) + 4ab) pyg,+ (—1+ 4200) ( 2.9.— 9.09) }- 


This results undoubtedly satisfies the gauge imvariance and by using the Lorcntz 


* It is remarked that we must only use the procedure (4.1) at the first terms of matrix elements 
but not the second and following terms by the iterations of v8 
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condition we have the most reasonable results obtained by Fukuda and Miyamoto, 


. ae -| 
and Steinberger.” 


2 bs — 7 = 1 2 
(ot ¢)) = — <-m| dol nd : eke = = 5 Yat (4.6) 
: eS mt — Z u{_}° 


(2) Case of Pseudoscalar Meson with Both Couplings. 


Following the same calculations as above and using the identity (4-la), 


we have 


2 al 1 - 
(o'r) o= ey | oud 4 (Pt Feat Pas), (47) 
47° im sh Fe me oat ig 
d ar 


and 
(etre) 7 (D* rim n)) 2 
2 ey Pe 4 
=— r| | sda —P— 2 Dae oe ae (4.8) 
87° : — pe ols 
a) mt — UL}? tm, m cyet 


which not only satisfy the gauge invariancy, but also the equivalence theorem, i.e. 
Oe (LSP) = — 2 ([Y*73]) »- (4.9) 


B) Decay of r-Meson into Two z-Mesons. 


These problems have been already discussed throughly by Fukuda, Hayakawa 
and Miyamoto,” Ozaki, Oneda and Sasaki.” Here, we only try to examine the 
validity of our procedure for a few examples. 


(1) Decay of Scalar t-Meson with Scalar Coupling into Two x-Meson with 
Vector Coupling. 


The calculations can be taken in analogous way as y-decay and then using 
the identity 


{72° —2abpg+ a(1—a) p°?+4(1—6)9°]0" (2+ m?—2a*pg 
+a(1—a)p?+4(1—4)g) d/=0, (4.1b) 
we obtain 
K[e 2%, S}y,,=m[ 1-2 (a+) +406) p,9, + (—1+4ad) (Avgu—Ou,f9)]. (4.10) 


If the vector couplings of both z-mesons are those of vector z-mesons, we 
have 


Ko, ? Sjy,y=m(—1+ 42d) (Avtn— Fur 09), (4.11) 


while if one of them is the vector coupling of scalar z-meson, the divergence 
theorem holds, that is, 
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iP eOlity, hs log egy ki 0,048] g=50. (4.12) 


However, if both couplings are those of scalar z-mesons with masses yw, and /, 
respectively, we have non-vanishing result 


Pu PK [2% Sly y= m4 p4s(—14+4ad), (4.13) 


and the divergence theorem does not hold in this case. This is very puzzling 
result and this circumstance indicates that our procedure is not so appropriate, 
but in the cases of above three types this term being zero, the difficulty will 
probably not arise. 

(2) Decay of Pseudoscalar t-Meson with Both Coupling into Meson with 
Pseudovector Couplings. 

Also in this case the calculations can be accomplished straightforwardly in 
analogous way as y-decay, but for the sake of simplicity, we take wp, = 4, =9, 
though we are afraid of the loss of generality. The results are 


7a 1—2u [Rr reece, 
i epye= Le 1 P dof ut iae “oP 
ender racket a, uf Udo Late 4 
«AYU aU b+ Var OR BU 4 OU | (4.14) 
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l.m,ns= 
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s=1 « 
Accordingly, if we make use of the identity such as 
4 4 

pa One as 4 OU Se +>) aos ‘3 AU 3 n)=0, (4.16) 

k s=1 s=1 

l,m,n l,m,n 


then we have easily 
a Ox ([P*r72e¥]) = —2m (ot rs]) 2» (4.17) 


which is the equivalence theorem. 


§5. Concluding Remarks. 


As above discussed, althovgh we could not remove the ambiguity in the 
present field theory by the appropriate mathematical modifications consistently, we 
can clarify where the difficulties of ambiguity appear with the concentrated forms 


ei 
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by using our unsatisfactory proposals. Therefore, if there would exist only one 
method which is applicable to our equations, such as 


§(qi+2L) 0 (9.+L)dg=0, 
and 
jZo"(q,+L)dg=0, 
we can keep out of the complications and dangers of using the regulator method 


which necessitates the condition at =0, S1¢,=0 and 3) cm,=0 for the 7-decay 
a 
problem and the conditions }}¢,;=0 and S{cyn;=O0 for the photon self-energy 


problem. 
However, in the present stage of the field theory, we are obliged to content 
ourselves with such a very unsafe method. 


In conclusions, we express our gratitude to Prof. M. Kobayasi for his interest 
and encouragement throughout in this work and also thanks to Assistant Profs. 
T. Miyazima and S. Ozaki and Messrs. H. Umezawa and S. Goto for their valuable 
discussions. 
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Note added in proof. 


Recently, Mr. Y. Oishi has examined the nature of ambiguous integral (2.4) and concluded that the 
third term of the last one ought to be dropped from the covariant point of view. Because, if we stand 
on this view-point, we may conclude that the last integral of (2.4) should be the even function of @ and 


we may be obliged to remove the last term for this reason. We thank to Mr. Y. Oishi for his kind 
advices and discussions. } 
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The mass, the life and the interaction with nucleons of r-mesons discovered in photographic 
plates are qualitatively discussed. The probabilities of r>xz+z2° and t>zxz+y for various com- 
binations of their couplings are calculated by Tomonaga-Schwinger formalism. The generalized 
selection tule for the system composed of many mesons is presented, from which some particular 
sets of the types o1 these mesons, for example scalar and pseudoscalar, are admitted to explain 
the rather long life time of r-meson, ~10—" sec. . The life time for r+3z decay calculated by 
our method is obtained as long as 10-11 sec. consistent with experiments. This result suggests 
that the interaction of z-meson with nucleon is considerably weak. Some arguments for and 
against such presumption are discussed. The varieties of mesons, called varitrons, are classified 
as z- and y-types. 


Introduction. 


Should one doubt, as declared by Oppenheimer,” whether the quantum field 
theory of mesons based on the analogy between the Maxwell field and the 
Yukawa field has any valid content? There exist, to be sure, many ununder- 
standable points in meson problems, but how ununderstandable they are will only 
be manifested by treating the problems from the present notion of mesons. Here 
one may remember the history of quantum electrodynamics that it had at first 
seriously been criticized by Oppenheimer and was lately saved by himself by 
cascade theory. It seems to us, therefore, to be not worthless to treat the 
disintegration of mesons, because it may be a rather simpler case of meson 
problems than such as nuclear forces as there enter only elementary particles, on 
the view point of the present quantum field theory. 

The first attempt of us along this line was applied to the problem of the 
decay of neutral meson.”* Regrettably, however, the result contained some 
ambiguities, one being the remaining of non-gauge covariant terms and the other 
the invalidity of the equivalence theorem between the pseudoscalar and pseudo- 
vector couplings for the pseudoscalar meson field, in spite of the refinement of the 
formalism by Tomonaga and Schwinger. The same conclusion was obtained by 


1) J. R. Oppenheimer, Rev. Mod. Phys. 21 (1949), 181. 
2) H. Fukuda and Y. Miyamoto, Prog. Theor. Phys. 4 (1949), 347, quoted as A. 
3) H. Fukuda and Y. Miyamoto, Prog. Theor. Phys. 4 (1949), 392. 


284 H. Fuxupa, S. Hayakawa and Y. Miyamoto 


Ozaki et al.” and lately by Steinberger.» Looking for such ambiguity for a 
while, and adopting only the gauge invariant terms, we get the life time of 
neutral meson, consistent with the interpretation of cosmic ray phemomena® and 
Berkeley experimant.” Also in the case of r-meson we shall, presumably, obtain 
any precise knowledge about its life time. If this result could give the explana- 
tion of experiments, we might believe the validity of the present quantum field 
theory of mesons within some limitation, or at least believe that the present 
theory is the good correspondence to the correct theory in future. It is likely 
the case, as will be seen in what follows. 

In part I we discuss the experimental evidences of t-meson, in order to settle 
its necessary features for later development.” Parts II and III are devoted to treat 
the decay modes for t>2+47° and t—>x-+47, respectively, where the selection rule 
for the meson problem is described based on Schwinger’s formalism containing 
some improvement.” 

In part IV the decay probability for -+3z, which was found experimentally, 
is calculated. In part V we consider some properties of 7-mesons and attempt to 
classify the varieties of mesons called varitrons under the light of our calculation 
and other consideration. 


I. Experimental evidence. 


§1. The mass and the life of 7-mesons. 


We call here such a kind of a meson as a z-meson that it has the mass 
about 900~1000m, m the mass of electron, and gives rise to a large nuclear 


4) S. Ozaki, S. Oneda and S. Sasaki, Prog. Theor. Phys. 4 (1949), 524 and 5 (1950), 25. 

5) J. Steinberger, Phys. Rev. 76 (1949), 11S0. 

6) Y. Fujimoto and S$. Hayakawa, Prog. Theor. Phys. 4 (1949), 502, about the bursts under a thick 

shield. J. Nishimura and S. Hayakawa, ibid. 598, about the intensity of the soft component 
in the stratosphere. Y. Fujimoto and S. Hayakawa, ibid. 5 (1950), 144, about the bursts produced 
by a lead plate in high altitudes. S. Hayakawa, ibid. 5 (1950), 158, about the excess electrons 
in the lower atmosphere. But the statement of one of us (S. Hayakawa, Prog. Theor. Phys. 
4 (1949), 326, about the life time of neutral meson may be revised. Accounting for the new 
evidence found in a very large cosmic ray star, the life of neutral meson may be shorter than 
10-15 sec. 
(M. F. Koplau, B. Peters and II. L. Bradt, Phys. Rev. 76 (1949), 1735; R. F. Marshak, ibid. 
1736). If this value of the life time is correct, the prescription concerning the ambiguity appeared 
in the y-decay of pseudoscalar meson may be settled as follow. Only the non-gauge invariant 
terms are eliminated from the result and the equivalence theorem would be given up though 
it should hold. Then the first term in the expression of the decay probability for pseudoscalr 
coupling (A (2.17)) is remained and gives the life time as short as 10—!® sec. as adopted by 
Steinberger. Such prescription is, of course, only tentative and not solve the ambiguity. 

7) R. Bjorklund, W. Crandall, B. Moyer and H. York, Phys. Rev. 77 (1950), 213, 

8) IL. Fukuda, S. Hayakawa and Y. Miyamoto, Prog. Theor. Phys. 4 (1949), 38s. 

9) Hf. Fukuda and Y. Miyamoto, Prog. Theor. Phys. 4 (1949), 398. 
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disintegration in Paris photograph™ or a characteristic disintegration into three 
lighter mesons in Bristol photograph.” 

The mass of c-meson in Paris photograph is estimated as at least 700m, 
considering the energy consumed by a star production with six prongs containing 
a g-meson. 

If we take into consideration the fact that more neutrons are evapolated by 
star production than protons, the mass is not inconsistent with 1000m. This 
interpretation, that the whole rest energy of a t-meson vanishes and is transported 
into nuclear particles and a o-meson, means that the c-meson may directly interact 
with a nucleon like z-meson. Further this zt-meson has apparently negative 
charge because it is captured by a nucleus before disintegration. There occurs 
the competition between capture and decay as in the case of #-meson. As for 
the capture from the ground state in the atom there may be no trouble as far 
as the coupling of the z-meson with nucleon is not weaker than that of #-meson, 
although we must pay attention to the fact that the A-orbit of t-meson lies in 
the nucleus,” which is the case in the star under consideration since the star with 
five prongs should take place in a Ag or Br nucleus in the photographic emulsion. 
The main time is spent during the passage to the track end or falling idown the 
energy levels in the crystal of AgSr. If the trapping took place in the latter 
case, the life should be as long as 10~* sec.” But we consider in Paris ¢-meson 
that the trapping does not take place and the time spent in the crystal is assumed 
as about 10-™ sec. 

Thus the life time of r-meson must be longer than this value. The track 
length of the <-meson appeared in the photographic plate is about 200 but.a 
longer track is obtained in Bristol photograph, which is more legitimate to 
estimate the life of c-meson. 

Bristol photograph shows a track as long as 3000 #e which disintegrates into 
a g-meson and two fast mesons with ordinary mass. The latter two are positive 
because the parent c-meson is considered to be positive unless too long time is 
' spent by any mechanism such as trapping. Then the two fast mesons are unlikely 
p-mesons, since /-meson interacts with nucleon very much weaker than z-meson 
and the change of the change between two rather strongly coupled mesons, t and 
z, will hardly take place.” We may, therefore, consider the observed disintegra- 


tion as ti —omt++at+a-. Then the mass of the t-meson is most, reliably 


10) L. Leprince-Ringuet, Hoang Tchang-Fong, L. Janean, and D. Morellet. C. R. 226 (1948), 1897 ; 
L. Leprince-Reinguet, Rey. Mod. Phys. 21 (1949), 42. 

11) R. Brown, U. Camerini, P. H. Fowler, H. Muirhead, C. F, 
163 (1949), 48, 82. 

12) Y. Fujimoto, S. Hayakawa and Y. Yamaguchi, Prog. Theor. Phys. 4 ( 

13) R. Huby, Phil. Mag. 40 (1949), 685. 

14) E. Fermi and E. Teller, Phys. Rev. 72 (1949), 399. 
R. L. Rosenberg, Phil. Mag. 40 (1949), 759. 

15) H. Yukawa, Rev. Mod. Phys. 21 (1949), 474. 


Powell and D. N. Riston, Nature 


1949), 575. 
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determined by the conservation law of energy and momentum as 985 m_ provided 
the mass. of z-meson is 286m. If we take the mass of 7-meson as 275m, this 
figure is revised as 950m. These values of the mass are consistent with that 
derived from the grain density-range relation and the scattering. In later calcula- 
tion of life times we may adopt the masses of c- and z-mesons of 1000 m and 
300 m without introducing any serious error. 

The life of the r-méson must be long enough to survive during the flight of 
longer than 3000p. The relation between the life and the track length is 
considered in what follows as in the case of #-meson.” A meson with mass # 
and velocity ve loses its energy per length d/ as 


d 9 a asl me 9 
ar HE V1—7*) =a/v, (1.1) 
and per time df as 
 (ut] =P =a, 12) 


where a represents the loss of energy per unit length when yv~1l. This meson 
passes the track as long as 


ore pean oy iat 09 Sewpals eae \, 1.3 
dk te oe ae ae ; a 
and spends the time as 
= {2 Sin i lava parr ail Sin “tu (14) 
a ae 


before slowed down to the velocity m. At the track end the terms containing 
UY can be neglected where v is comparable to the velocity of atomic electrons 


in outer shell. For the nonrelativistic velocity, v<1l, (1.3) and (1.4) are 
approximated by 


pate Stet), (1.3’) 


and 


10 Uo), (1.4’) 


If we take a=8 MeV’ cm™', accounting for the density of Kodak M74 plate 


as 4¢ cm”, the kinetic energy and the velocity at 3000 « before the track end 
are estimated as about 35 MeV and about 0.4c. 


The time spent in the photographic plate is thus obtained from (1.3’) and (1.4’) as 


16) F. M. Smith, W. H. Barkas, II. Bradner and F. Gardner, unpublished. 
17) H. Yukawa and T. Okayama, Sci. Pap. I. R. C. R. 36 (1939), 385. 
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a> - 
Aare ago 10 mM sec. (1.5) 


The real life is longer than this figure. 

Above estimation is rather uncertain because it stands only one track. There 
seems to be one more track similar to t->3 decay obtained by Armenian group.” 
The masses of a parent and a descendent, 750~800m and 180~200 m, are 
slightly lower than those of Bristol. There may, however, be possible that the 
mass determination by grain count undergoes some systematic error, such as in 
the case of the original work about z-meson.™ If this decay could be identified 
with t—37, the track length of the parent, 1600 #, would give a further informa- 
tion about the life of z-meson. Accordingly, we may adopt the life time longer 
than 10-” sec. . 

Furthermore, if the Armenian decay were established as tr37, the miode of 
disintegration into three z-mesons would be wholely symmetrical over #-mesons 
irrespective of the sign of their charges. For the observed 7-meson with lower 
energy is positive because any nuclear disintegration is not found at its end, while 
two faster mesons are positive and negative, in contrast to Bristol decay. 

Another evidence discussed in our previous note, the cloud chamber photo- 
graphs obtained by Rochester and Butler,” is not necessary identified with 
t-mesons by the reason discussed-in V. In later treatment we will not consider 
this evidence as due to t-mesons. 


§ 2. The production of t-meson. 


The magnitude of the interaction of t-meson with nucleons is inferred by 
considering its production, assuming that a 7-meson has the same nature as 
t-meson and the only difference between both mesons lies in the magnitude of 
their masses and coupling constants. 

The abundance of r-mesons relative with 7-mesons is obscure because of too” 
poor data. Only datum available in our hands is the frequency of occurrence of 
c- and z-mesons in Bristol experiment.” They obtained only one t-meson in 
their photographic plates at hight 6.9m H,O, while 30 z* and 30 2~-mesons are 
observed at the same time. Then the abundance ratio between t- and 7-mesons 
may be estimated as about 1%. The frequency of mesons is dependent on the 
intensity of ancestor rays, the production rate, of mesons, their mean range and 
their stopping rate. But the product of the former two quantities are considered 
to be essential, since the latter two may compensate with each other. Accordingly, 
we have only to discuss the various types of production mechanism and their 


cross sections. 


18) A.J. Alikhaniyan, E. M. Samoilovich, I. I. Gurevich, and Kh. P. Babayan, J. Exp. Theor. Phys. 
19 (1949), 667. 

19) C. M. G. Lattes, G. P. S: Occhialini and C. F. Powell, Nature, 160 (1949), 453, 487. 

20) G. D. Rochester and C. C. Butler. Nature, 160 (1947), 855. 
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The production cross section for t-meson is different from that of z-meson 
by the large mass and the weak coupling with nucleons. And we must take into 
consideration the electromagnetic effect for its production process if its nuclear 
interaction is too weak. Therefore, these possible mechanisms, the pair creation 
in nuclear Coulomb field, the photomesonic effect and the nuclear process by 
nucleon-nucleon collision, are compared as follows. 

1. Pair creation by a photon in nuctear Coulomb field. The production cross 
section per nucleus with charge Ze for this process is given by”? 


9 


2 

Bs 
where “, represents the mass of t-meson and a the fine structure constant 
1/137. The cross section is further dependent on the energy of an incident photon 
and the dependency is largely affected by the types of meson field. But here we 
neglect such a factor, since we only concern the relative magnitude for three 
‘processes. This cross section does not depend on the nuclear interaction of 
t-meson and amounts as large as 2x 10~” cm®* for Pé. 

2. Photo-mesonic effect. The cross section per nucleus that, for example, a 


photon is absorbed by a proton and the latter emits a t-meson transmuting into 
a neutron, is given by” 


ae : a2 -g-) =3.2x10-*Z* cm’, (1.5) 


own A( oe =3.4x 10-4 for G2=10-% (1.6) 


L 
where G means the dimensionless coupling constant of a rt-meson with nucleon 
and A the mass number of the collided nucleus. This process is more effective 
than the pair creation even in Pé.as far as G23 x 10~*. The photomesonic effect 
would be the main source of t-meson if the ancestor rays were photons. But it 
may be unlikely the case, because it results in too few rt-mesons in comparison 
with z-mesons, which are mainly produced by the nucleon tomponent. 

:; _ 3. Nucleon-nucleon collision. By a nuclear collision not only the z-meson 
field but also the z-meson field is excited due to the motion of spin and_ isotopic 
spin of nucleon by nuclear force, to which z-mesons are mainly responsible. Thus 
the production ratio of c- to m-mesons is the ratio of both coupling constants 
G*/g*, where g means the dimensionless coupling constant of a-meson with a 
nucleon. Since the cross section for the nuclear collision of a nucleon is, as 


usual, given by the geometrical cross section of a nucleus, the production cross 
section for t-meson is 


o,% Tr AG? =6.2 x 10-".4"* cm’, for G?=10-°. (1.7) 


i/R s . . 
where 7,4" is the radius of a nucleus with mass number A. 


21) F. Booth and A. H. Wilson, Proc. Roy. Soc. 157 (1940), 483. 
22) M. Kobayasi and T. Okayama, Proc, Phys. Math. Soc. Japan, 21 (1939), 1. 
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Comparing 6, with o,, o, is always larger than o,. Thus we infer that the 
nucleon-nucleon collision is most effective for t-meson production. 

In order to obtain t-7 ratio, we must consider that the threshold energy for 
the t-meson production is about three times larger than that of the z-meson. 
The intensities of parent nucleons are compared in the neighbourhood of the 
threshold energies for both mesons, since the mesons observed in photographic 
plates are sufficiently slow. Then the intensity of nucleons for c-meson production 
is about one tenth of that for z-meson, considering the power energy spectrum 
of the neucleon component. But the energy range responsible to the production 
of mesons observed may be larger for tr-meson. Since we can not correctly take 
into consideration such effect, we assume tentatively the abundance ratio as G’/g”. 
The fact that-r-mesons are about one percent of z-mesons leads us the estimation 
as G?~10-*, provided g?=107". 

In the following calculation we shall use the value G’=10~* tentatively. The 
more accurate determination of G should refer to the life time of t-meson (IV). 


II. The Decay of Tort. 


In what follows we calculate the decay probability of r-meson for three 
possible modes. We assume, as related in introduction, that both z- and t-mesons 
are Bosons obeying Yukawa equation and protons and neutrons are Fermions 
obeying Dirac equation. Further we refer to the Tomonaga-Schwinger’s formalism’ 
of the quantum field theory, though including some ambiguity. Since we can not 
know which of types of meson fields must be taken, or the type should be 
determined by comparing the result of our calculation with experiment, the 
calculation is carried out for whole possible type of couplings. But we need not 
calculate all of them, as the procedure is much simplified by considering some 
general rules. The method of calculation is described in what follows, referring 
Schwinger’s method” and its improvement. The same notations are used as 
Schwinger and 4 as far as possible. 


§ 1. Fundamental formalism. 


The equation describing a system containing t-*, =*- and 7°-mesons and 
‘nucleons is expressed on the basis of Tomonaga-Schwinger’s formalism as follows. 


3 2 
fetrsrspU i +9 ruta PU n + ot ryty~U yt OC \PLC]=0, (2.1) 


where we use hereafter the unit of #=c=1, and the coupling constants between 
mesons and nucleons are dropped for a while for convenience. Y[C] is the 
—_ 


23) H. Fukuda and Y. Miyamcto, Prog. Theor. Phys. in press. 
24) J. Schwinger, Phys. Rev. 74 (1948), 1439; 75 (1949), 651; 76 (1949), 790. 
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Schrédinger functional on a variable surface C and 6/d8C means the functional 
derivative with respect to this surface. g means the spinor describing the nucleon 
and y* is connected with the hermitic conjugate ¢g* of ¢ by gt=¢*7, O1r,Uy, Ux 
represent the potentials of meson fields or their space-time derivatives, which are 
specified by suffices Z, M and WV corresponding to a+, x°- and t*-mesons. 7, él. 
and t, efc. mean the spin and isotopic spin operators, respectively. Corresponding 
to scalar, vector, tensor, pseudovector or pseudoscalar coupling, 7, represents 1, 
Tis Tigo Tigh OY Ys Where 2 and 7 indicate the components of space-time, 1 to 4. 
Isotopic spin rt is specified according to the problem under consideration, for 
example 


Ti=Typ for U, containing an operater to create a 2 ~-meson, 
Ty=Tpy for Uy containing an operator to annihilate a r*-meson, 
1 for Uy describing a neutral meson of neutral theory, 
ao ts for Uy describing a neutral meson of symmetrical theory. 
In order to get the change of the state vector by vaccum nucleons and 2*- 


and z°-mesons when there exists initially only a t*-meson, we carry out the 
contact transformation 


ViC|=T9, (2.2) 
where 7 obeys the equation 
{¢" rir PUL +¢" futu~U a + = as} Ticl= =0, (2.3) 
Then the fundamental equation (2.1) is reduced to 
{7-'9*rnewpU nT +2 | O= =0. (2.1’) 


Corresponding to the concerning process, we obtain the vacuum expectation 
value of the transformed Hamiltonian in (2.1) in the absence of nucleons in 


initial and final states. The lowest order process 7*+—+2++2° is, as shown in 
Appendix 4,» 


i rat PU xT ) 20 => de! (e"U 0 WO y 


x { Spd} (S (Y— a) ri (X” —X")ryS (x7— Xx) Tw) Typtutpy 
+5S,5)(S@ (x— X’) eh) (X’ 4 x) riS (X”"— X)rx) Tx TypT py)» : (2.4) 


since the radiative correction is neglected throughout in this work. In (2.4) the 
functions S and S“ are the same as Schwinger’s and 


DSSS Or y= Sp S pas Ort StS aS txt SO 7ST uS Ty 


25) H. Fukuda and Y. Miyamoto, Prog. Theor. Phys. 4 (1949), 389. 
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(2.4) reveals the selection rule for the decay process under consideration 
(c. f.) Appendix A) : 


(D9 "rat yo eT) a9 A+ (= 18} [ae [ae 


Tp! UyU ySp{ SS (X—X") 75 (X"—X ) ry S© (X'—X) ry}, (2.4) 


where JV,, VV, and JV, represent the numbers of occurrence of vector and tensor 
couplings and 7;, respectively. This equation, connected with the features of S 
and S“®, much simplifies our calculation as shown in what follows. 


§2. The general rules for matrices. 


1. Selectrion rule (generalized Furry’s theorem). From (2.4’) we have the 
case when the matrix element vanishes: ' 


N=N,+N,+ N,=0dd, (2.5) 


This rule is the generalization of Furry’s theorem in the positron theory” and 
the decay of a neutral meson.” The rule (2.5) is further specified according to 
the neutral or symmetrical theory. 


(a) Neutral theory. The matrix element vanishes when 
NV, +N,=odd, (2.6a) 


because 7, is not included in this case. The disintegration process is forbidden 
if there are odd numbers of vector and tensor couplings. 

(b) Symmetrical theory. In this case the coupling of z'-meson with nucleon 
is described by 7, and, therefore, VV, is always unity or odd. Then the forbidden 
condition is given by 


N,+NV,=even (2.6b) 


-or that the numbers of vector and tensor couplings appear even times in (2.4’). 

2. Lorentz invariancy of interaction Hamiltonian. The decay process is forbid- 
den in some special combinations of three mesons, because the interaction 
Hamiltonian composed of them is not Lorentz invariant. As seen in (2.4’), the 
matrix element.under consideration consists in five covariant quantities with respect 
to Lorentz transformation, the wave functions of three mesons, U,, Gy and Uy, 
and two independent propagation vector of any two mesons. If, for example, two 
of these mesons are scalar and one is pseudoscalar, one can never construct a 
scalar quantity with these meson fields and two energy-momentum vectors. Such 
circumstances occur in the following sets of mesons. 


26) W. H. Furry, Phys. Rev. 51 (1937), 125. 
27) S. Sakata and Y. Tanikawa, Phys. Rev. 57 (1940), 548. see also A. 
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SiS: Po SiS PyeSV PS P|P EPG PLP PEP (2.7) 


These cases are unconditionally forbidden. 

3. Divergence theorem. The vector coupling of scalar meson vanishes in some 
cases by so called divergence theorem.” For example, in the case of scalar 
c-meson with vector coupling (2.4’) is reduced as follows. Firstly by integration 
by part 


fae’ [axs,t 515 (X—X")7,5( 2" —X) py SO(X—X) 7 }ULU 188 


= [te [de S375 (X" XY 7S (XI—X) H (18+) + (9-2) 
§(X—X") }U LU. (2.8) 

where ¢ represents a scalar meson field instead of Uy, 3 and 3 mean the differentia- 
tion respective to space-time coordinates operating to left and right respectively, 
and x is the mass of nucleon. Making use of the relations 

5(X'—X) (ya—2) = (—70—2) 5 (X—X") =8(X—X) 
where 0(.X) is the four dimensional d-function, and 

S® (X= X) (8—*) = (79-2) S$ (X—X") =0. 
(2.8) turns into 


[ e'SolreS X- XS (X=) +725 XX YraS (—X)} 


x {40 b—-ULU xd}. (2.8’) 


Trace in (2.8’) vanishes except for the case where only one of y,; and yy is 
vector or tensor coupling according to Furry’s theorem like as in § 1. 
The forbidden cases for the reason are the following sets of couplings : 


VUS, UU pu, vl pu, vU ps, VE ps, vis,* (2.9) 


provided that one of vector couplings is of scalar meson. 


Besides there are more forbidden cases because the trace of each term (2.8’) 
vanishes, which are the sets | 


Us pr, US ps. (2.10) 


Such cases do not appear in general in higher order processes, where more 


numbers of S and S“ are included. In their case, however, the calculation can 


2°) E. J. Dyson, Phys. Rev. 73 (1948), 929. 
* The capital notations, 9, 7, Pv and Ps, refer to the types of meson fields, i, ¢, scalar, vector, 
pseudovector and pseudoscalar, while the small letters, 5, U, ¢, PU, ps, Tepresent the types of 


interactions between mesons and nucleons, scalar, vector, tensor, pseudovector and pseudoscalar, 
respectively. 
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be reduced to the case containing only two S by this theorem. 

4. Equivalence theorem. In some cases, as is well known, the pseudoscalar 
and pseudovector couplings of a pseudoscalar meson are equivalent.” If we know 
these cases by a general rule, we have only to calculate the matrix element 
concerning the pseudoscalar coupling alone. 

This theorem is proved, for example in the case of pseudoscalar t-meson, 
with pseudovector coupling, as follows. Analogous to the case of divergence 
theorem (2.4’) is transformed as 


1 © o a a 
S| ae [te [SA DS KAA eS (KX WS? (KI A) rs 
(=I) IS (X= Xr S (XA (7S (X= Xap UL BS} 
x A hee a 
= 2 (7) +3 [ax [S,D5 (XX 11S (X —X) tw TiO 


= S,OS (XX 7S? (XA [Fy 72] 2U 8 wu), (2.11) 


where (7;) means the transformed expression of the left hand side of (2.11) as 
¥:—-7; and 34—-¢, which is the matrix element for pseudoscalar coupling. 

And [7y, Vile = urs tous double sign corresponding to the neutral and sym- 
metrical theory, respectively. The equivalence theorem holds if the.second term 
in the right hand side of (2.11) vanishes. It is shown that this is the case when 
either of the following conditions holds: Furry’s theorem, [7y7s]s=[7s72]i=9 oF 
trace =O. These are the following sets, ss fu, ps pu pu, ps ps pu, pu pu pu, VV pv 
for neutral theory,* vs pv, ts pv, tps pv, for symmetrical theory.* Such cases 
become rarer for higher order processes. The third order process is advantageous 
because S functions lie side by side in each other. 

5. Symmetry and Anti-symmetry of matrix element. As seen from (2.4), the 
suffices ZL, Mand JW are symmetry or anti-symmetry in each other. Therefore, 
the result is not changed by taking any L, Mand N as ct, = and 2°, since if 
the types and couplings of these meson fields are interchanged the suffices have 
only to be interchanged correspondingly. For the sake of this character the labour 
of our calculation is much saved, by interchanging the momenta (a ern 
of three mesons. Or making use of the relation between the momentum P and 
P= — feo, P2=—/%, we have only to interchange the masses 


mass /4, P= is Oo c: 
in the last expressions of life times. 


Without the help of above general rules, the exhaustive calculation about all 
types of couplings 1024, will be practically impossible. Such regard is of particular 


29) E. C. Nelson, Phys. Rev. 60 (1946), 830. 
F, J. Dyson, Phys. Rev. 73 (1948), 929. 
Y. Nambu, Prog. Theor Phys. 5 (1948), 444. 
K. M. Case, Phys. Rev. 76 (1949), 14. 
* One of Jv couplings in each set is the coupling of pseudoscalar meson. 
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importance for higher order processes, such as the disintegration into many 
particles and the multiple production of mesons. 


§3. The evaluation of matrix elements. 


Accounting for the above five rules, we evaluate the matrix elements for all 
possible processes. Regrettably, nevertheless, the results are not free from any 
ambiguity arising from the pathological nature of D-function ; the equivalence and 
divergence theorems do not hold in the cases where they should hold as in 
the case of the 7-decay of neutral meson.”*- Such a term exists only-in the 
first term in the expansion with respect to the power of the reciprocal mass of 
nucleon, 1/zx. It seems to be an advantage of Tomonaga-Schwinger formalism to 
be able to see where and how exists ambiguity. Then we have two ways to 
remedy the ambiguity. 

One is the method of regulator.™ But unfortunately it seems to be irregular, 
since there is no uniqueness in x-depencence. For example, if we could consider 
_the coupling constant as g/zx instead of g, the first term in the matrix element, 
proportional to g 1/z, should be transformed as to be proportional to x*. In the 
latter case this term be dropped by regulater, whereas in the former case the 
term should be remained. Such situation may be partly due to the nature of the 
fundamental equatiois of mechanics, which are not changed if one changes the 
length and the mass in such a way that they are inversely proportional to each 
other. Furthermore the ambiguity in regulator is found by several authors.*? 
Accordingly, we make use of regulator as a conventional prescription to remedy 
the ambiguity. ; 

The other is the method to fill up the ambiguity by other appropriate condi- 
tions such as equivalence and divergence. But there are some ambiguities with 
no relation with those theorems, for which we have not any prescription to do with. 

Apart from such ambiguity there remain infinities, which are characteristic 
for the quantum field theory. Some of them may be dropped by the regulator or 
by the compensation by adopting the appropriate values of a pair of coupling 
constants in a meson field. Whether or not such prescfiptions are justice will be 
left for future investigations. 

Leaving these questions unsolved, we evaluate the matrix elements in’ what 
follows, Introducing the Schwinger’s representations into S and S®, 


re ic? 2 ty K—x oxy 
S(X)=3e of tte aK, 


30) W. Pauli and F. Villars, Rev. Mod. Phys. 21 (1949), 434. 
31) Y. Katayama, Prog. Theor. Phys. 4 (1949), 877, H. Fukuda, Y. Miyamoto, T. Miyazima and 
S. Tomonaga, ibid. (1949), 385. S. Ozaki, S. Oneda and S. Sasaki, Prog. Theor. Phys. 4 (1949), 


477, 524. Many authors discussed this problem in the meetings of the Physical. Society of 
Japan in Spring and Autumn of 1949. 
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and 
Cy) = Tope | Ka + ae AK, 
where K* is the square of the momentum of a nucleon, (2.4) is represented as 
edt God jdR\aK'SAK"S,\ (7 K—2) 7, (GK! —*) pu GK" —9 re} 


2 Qn)" 
< 3(K +2) 
(KP4 2) (KP? +2) 


0 (KK? +x’) 0(K”? + x) | 


(KR x) (A’? + x*) TOE) (K?+2°) 


x ax fax” exp [i{K!X—X") + (KX —X) + (KM XIX) 


+ Py» X" + Py X'— PyX}) UL, y Uy 


where P;, Py and Py mean the four dimensional propagasion vectors of 7*, 
x°- and t*+-mesons, respectively, and the fourth component of P is z times positive 
value. The minus sign before Py means the annihilation of a t*-meson. 

There holds a relation 


Cae 3 een C ce ey SO LEED 
(R242) (REL) | (KEE) (KP?) | (KEEL) (FEF) 
a1 0(K'? + x*) 7. 0(K? +2) xt 0(K? +x) 
vin (R2—K") (K®—K™) (KP — RK?) (K'?— R®) (KTP KY) (K2— BK") 
“ f fudul dv 8" (24 aK? 46K" 4cK") (2.12) 
0 -—1 


where 


a=-5-u(1+2), 6=1-—42, c= 5 -u(1+2), at+é+c=l 
Substituting (2.13) into (2.12) and integrating over +’ and x’, we obtain 


i (14) / ” at JRE OCKE ra he 
i i fax jax fax B(K—K'—P,)8(K'!—K" — Py) 


1 al 
J udu dv 8" (84 ak2+ 6K +cK") UU yy 
0 -1 


x Sof (a K—*)7r-K’—*) 7a 7K" —*) ry} (2.14) 
Accounting for Py= P,+Py and a+4+c = 1, we transform &, K’' and K" into 
K, by 
K=KR4+6P,+cPy K'=K+cPy—aP, K"=K—aPy—bPy, 
Ee 4aK? + 6K? + cK =e + KR? +abP} + bP t caPx 


Substituting these relations into (2.14), we get 
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pee eae { dk dof udu 82+ K+ ob P+ bcP2 + caP2)U U ul» 
ae 1 0 
Sylizs(K 46P,+cPy)—* rsh it: (K+ cPu— Px) —*h 7a" 
x fir: (K—aPy—bPy) —*} ry] (2.15) 

Making use of the formulas, which are proved, in Appendix 3, 

jdK 0" (K?+A)=2/A,  §dKK0" (K +A) =0, 

jak RKO" (K+ A) =, [aK K" (K+ A) 


a o et YA ee eee oh? 
ne a | log 5 2 log x ) Ke 
(aK KK, K,0" (K? +A) =0, (2.16) 


(2.15) is reduced to 


“Sat 20 aaa e RPE FaPE 
2nd | Pade ea cal 


x Soft (OP, +¢Py) —x}71{ 77 (cPy—aP,) —x}7ac4 —iy (aPyt+6Py)—x 7x] 


+ {= log 2 +log (14 SPF eePi teaP sy) 


Sol ni 17 O rh ty (—aPy— bP) —x} +7uTni¥19n} iy (cPy—aP,) —x} 
+717 M7 nOul 7 (OP, +¢Py) —zx}] (2.17) 


where we use the following abbreviations 


(K+ VK24¥#)* _ 5 
i ieee (RRA ree 


1H is= 2 ry 1, Tf uTc=2 yu, Td i= 248 ym 


log 0 = { log 


6,=2, —1, 0, 1, —2 for y,=1, 7, Teg» Teger Ts C8C. 
Pi=— Un, Pa=— io, P2=— ph. (2.18) 


In order to evaluate the integral in (2.17), the integrand is expanded by the 
power of (4/x). Accounting for 


[ual do aPct=2.u! B! y!/(4at+B+y42) ! (2.19) 
=i 


0 


(see Appendix &), the integration is carried out to the second term. If we notice 
the fact that the trace for the odd number of 7; vanishes, the result is classified 
in the following two cases. 


u) The number of 7, in 7,, 75, and yy is even. 
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Oeeeae 
2.11) =P On US| rat utah (8,+8y+9y) log 0 —1 


+ (1-8, —8—d5) 


+Pi+ Pe 4) ek; t+eyPy t+eyPH 
12x? 2x2 


1 
+e | (7Py) YL (7Pu)7uvw(2—E4— ey) ar (7P:) tut Paint 1.(2—ey—€7) 
= GPu)rv7Pr)rit a 2— en — &) | +0(H4/x* | (2.20) 
B) he number of 7, in 7;, 7 and fy is odd. 
Spas Oe eee RA Tah 
(2.17) aa —“o(daye Cus Sf fara Ps + Py) ¢! —0x log a ) 
t+ruretc (7: Pu— Pr) A—6, log ©) +7ar:7u (y—Py— Pu) 1-6, log oo ) 


Ve, eye 
+2 (7Pi)r7Pw)iu (7+ Pw) ry 


60x? 
rev utwl ¢Pr) 2Pr +2Pa t+ Px) + (7 Pw) (Pit 2Pie + 2Prx) } Ou—1) 
+2ey(7P,+ Py) Pi] 
. gt rursrxli 7¥Pu) (Pé+2Pu t+ 2Px) —71P,(2Pi+ Pa +2Py) | (On-1) 
+2ey(7Pu—Pr) Px] 
revirul— (7Pr) (2P2+ Pu +2PxH) —1Pu (2Pi+2Pu + Px) |(6,—-1) 
+2¢,(7—Py—Py) Pr (2.21) 


+0 (p'/2')] 
Here ¢, etc. are defined by 
rPir =e tls, 


then 
ez=1 for U,, of scalar of pseudoscalar meson, 
e,=—l for U,, of vector of pseudovector meson. 
Since (2.20) and (2.21) are symmetric with respect to P,, Py and — Py and 
L, Mand N, we have only to calculate about any one suite of z*, 2° and t* 


corresponding to U;, Uy and Uy and change cyclically P,, P,o and —/P, lately. 


Traces must be evaluated for respective sets of mesons. 


§ 4. Results. 


After such a laborious calculation we get at length the results. But there 


remain yet the following problems to be solved. 
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1. Divergency. When there are even numbers of 7; among 72; Tu and 7y 
the diverging part arises from according to (2.20) 


Sri un) (82 +8u+4y) 
in which convergent sets are (see (2.18)) 
PPL ES ps, U OS, OL Le, PO PP oF (2.22 
because of 0, +0y+ Oy=0, and 


vs pu, t ss, ts ps, t ps ps, uv ps, pu pu ps, (2.23) 


because of S,(7:7m7x) =0. Other cases are divergent.- The infinity in these cases 
is let to finite or zero by regulator. The values of life times grounded by such 
prescription will give upper limits when future theory will be established. 

When there are odd numbers of 7, among 7,;, yy and 7y, that convergency 
takes place in the sets 


us ps, ss pu, ps ps pu, pu pu pv, v v po (2.24) 


because the trace of a divergent term is zero. Other divergent terms are brought 
about convergent by the regulators Jdzo(x) =O and {dx log |x| (x)=0. Their 
life times obtained give upper limits, too. 

2. Ambiguity. Among convergent cases, (2.22) and (2.23), there remains 
still ambiguity, except for the cases eliminated by trace, though it is dropped by 
regulator. But this prescription, as mentioned above, is not consistent with 
equivalence and divergence theorems. If such a terms is dropped by regulator, 
the equivalence breaks down though it should hold. On the other hand, if this 
term is maintained, there arises the contradiction with the divergence theorem 
and the gauge invariance (see in III) like as in the cases of y-decay. Then we 
are puzzled which is the consistent prescription. Here we get the upper limits 
of life times tentatively by making use of regulator, though questions are left 
unsolved in future investigations. 

3. Table of forbidden sets. Summarizing the above results, we can exhausts 
the whole sets except the Furry’s forbidden cases, for two particles decay of a 
t-meson, as shown in Table I. 

The left half of the Table shows the cases of neutral theory and the right 
half is of symmetrical theory. The sets in upper half contain the even number 
of ; and are applied the regulators {dx x(x) =0 and fax x p(x) fog | x|=0 and 
the sets in lower half contain the odd number of y and are applied the regulators 


Jdxo(x) =0 and fdx/og |x| p(x)=0. Other notations are explained below the 
Table. 


_ We show some examples of ambiguity. 


Example 1, <*(S,s) and x*, 2° (V, v). Divergence theorem. 
The matrix element for this example is 
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Table I. Forbidden sets. 
eee 


Neutral theory | Symmetrical theory 
9° on — — = 
2A+B 3B | 3A A+2B 
VVS a D sss ry mine - z i D 
vVvps L D S pv pv fate a epepe 
| 
& | A | 
og vtpv a D Ss ps gh tags we 
> aS - = 
a eis S ps ps ts ps 
oe pypyps| / | & t pv py 
| Se pepe) e7  T * | t ps ps | 
D * l 
Vv pv | f" E ss pv vie E VVV Se) ke 
| vts D S pS pv ttt Vs ps | ) 2 
iF vtps D pS ps pv Pus z Vv pv pv | 
ys) ar oe | 
e) tt pv PY pv pv a V3; Vv ps ps | 
a = | 
ts pv | 12 
t pv ps | 
Note: 
A: Couplings, v and t. 
B: Couplings, s pv and ps. 
/ > Convergent and no ambiguity. 
a: Convergent but ambiguous. 
* Forbidden because of no invariant matrix. 
D: Forbidden when v is the vector coupling of scalar meson (Divergence theorem). 
E:; Equivalence theorem holds when py is the pv coupling of ps meson. 
G: Forbidden because of no gauge invariant matrix in the case of t>a+7 decay. 
Unspecified: Divergent unless regulator is applied. 
tf 0 
M={—(V,* i) tt ay (V5 Vj) +--+ bos 


where V,*- V7? and ¢, represent the wave functions of z+, z° and ct mesons, and 


P, is the propagation vector. 
If z+ and 2° mesons are scalar mesons with vector couplings, we have only 


to do the substitution 
Vem St Nara a ae 
in (2.24). But the first term does not vanish in contradiction with the divergence 


theorem, while the second and the subsequent terms vanish. 
Example 2. 7*(P,) and x*, w(P,, pv). Equivalence theorem. 
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In this case there should be the equivalence between pseudovector and 
pseudoscalar couplings of the c*-meson. The matrix element for pseudovector and 
pseudoscalar coupling is 

i 
OF ion eV) (6—K.es 2 2.25 
M,,, = ambiguity +5 = ( ? Zz do+ (2.25) 


where pt and #2 are the masses of 7* and 2° or vice versa, while for the case of 
pseudocalar coupling 


?* 
fg GE ae Fs I aa 
My = (4+ Vl eT oe (9 | 9.- (2.26) 


The equivalence would be hold if 4%, = 2zxM,,. But the first term in the right 
hand side of (2.25) has ambiguity and should vanish if the prescription of Sch- 
winger could be used. Then the equivalence does not hold against the general 
theorem. This difficulty is not solved by the ordinary regulator condition. If 
one forces to make the equivalence hold, one may add the new condition of the 
regulator jdx p(x)/x=0 as suggested by Ozaki in relation with the y-decay of a 
neutral pseudoscalar meson. We suppose, however, that such a new condition 
may be too severe and, for example, results in vanishing the anomalous magnetic 
moment of an electron. Therefore, this contradiction will be left unsolved. Between 
the second and subsequent terms the equivalence, of course, holds. 

Example 3. a, mm “and t- (Ff, 2). 

The matrix element for this case consists in only one term 


M=—S, \Putstuit Fonts UG UE a (2.27) 
This term is convergent and gives the life time ~10-™ sec., wheras it vanishes 
by the regulator conditions {dx o(x) =O and gives the infinite life time. Which of 
both prescriptions is correct will be solved by the future investigation. 

4. Mass dependence, The dependence of the life on the masses of nucleon 
and t-meson. x and /#,, is (x/m,)? or (x/f,)4 according as the number of 7, in 
71» Ym and 7y is even or odd, provided that the regulator is applied in the case 
of even number. 

Nevertheless, there are ‘special sets in the relation 6f masses of mesons. The 
first example is the set composed of 7(S,v) and z+ and 2° with the same kind 
of types and couplings in symmetrical theory. In this set the marix element 
vanishes if the masses of z*. and 2° mesons are equal in each other. 

The second example is the set t(Ss) and z*, 2° (P, ps). In this set the 
matrix element vanishes if #,=“6 ff. It may be a noticeable fact that the 
mass of a t-meson, 700m, provided #, = 286m, is similar to the mass value 
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Table II. Life times of ton+nr decay. 
t: Scalar meson. 
Coupling 
of ¢ Scalar Vector 
Coupling 
aa ha Ue ae Bho £ 8 cia hehe are) Bh | £8 
n | 80x 10-17 x x D e D es 
s,s R,| 14x 10-15) 1.4x 10-5 a ¢ 
Ss x Ro Ro x 4 4 x dD 
n x x D D D D x | x 
Ss, V 1.5 x 10-15) A 3.9x 10-!2 1.8 x 10-14 
Ss Ry 1.9 x 10- x x x x Ry | R, ; 
n * a * * * * * fe * 
Ss, PV | 
s * * * * * * * | x 
o * * x x x * x * 
Ss, ps 
5 * * * * * * * \ * 
n | 22x 10-16 5.0x 10-35, 5.0x 10-15 21x 10-7) x, x tee Pare: 
vv a Ro Ro Ry 3.3 x 10-15] 3.3 x 10-15 
s x x x x 4 Rk, R, 4 
n x 4.6 x 10-15 x 3.2 x 10-17 D x D x 
v, pv Ry | 2.1.x 1015 Tie 9.0 x 10-15 | 2.0 x 10-12 
ty 1.0 x 10-15 x Ro x 4 R, x | Ro 
| | 
“5 * * * * * * * * 
Vv, PS 
S * * *x * * * * | *x 
n |13x 10-17 x x .| 2.8 x 10-17 x D D x 
Pv, PV R, 2.7 x 10-15) 2.7 x 10-15 R, 
s x Ry Ry x 4 x xs | 4 
n | 23x 10-15 1.6 x 10-17 x x x ax D | D 
PV, ps R R,; 1.8 x 10-14) 4.0 x 10-18 
s x x 2.0 x 10-15) 6.0 x 10-14 Ry Ro x x 
al eee 2 ee 
n | 9.7x 10-15 1.8x 10-19 1.8 x 10-15 1.3 10-17 x n x j ' x ed x 
ps, ps R Ro Ry Ry 1.0 x 10-14 1.0 x 10-14 
: 5 x 1 | ex x x x R, Rid 4 
t: Vector meson. 
Coupling Vector Tensor 
Obl 
Punanwiner uns Osa) SA | fy Bh | ite 
n MaKe D D x Hs D D x 
s, S DilimlOms4 DSi 10515 Oe Om 
s Ro x x Ry | 6.0 x 10-15 x x Ry 
| 
n |3.3x10-16 3.7x10-4 x x 47x 10-14, 2.9x 10-19 x x 
s, V a Ry | 5.0 x 10-19 1.7 x 10-17 a R,| 2.3 x 10-17) 7.0 x 19-16 
s x x Ro R, x x Ry Ro 
x 1.4 10-4 D x as 9.0 x 10-16, D x 
S, pv r Ro 3.6 x 10-17| 3.0 x io | 1.6 x ee 
s | 2.9%/10-15 x x Ry Ry x x Ry 
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on x * * * * * * = 
S, ps e rs * * * * * * * 
} 
n x oe x x x x x x 
v, Vv 3.7 x 10-16 1.2 x 10-17] 1.2x 10-47) 1.6 x 10-19 1.5 x 10-17 5.4x 10-17 54x 10-17) 2.6 x 10-7 
Ss Ro 5] R,; Ry Ry Ro Ro a 
n | 27x10 — x 20x10) x |43x10-17 x =| 13x 10-1 x 
Vy, pv a |13x10-7 a | 1.2x 10-3 a | 6.0x 10-16 Ry| 44x 10-1 
s x Ry x Ro x Ro | x a 
nm | 3.21016 3.5 x 10-15 1.1 x 10-15 5.0 x 10-17 1.0 x 10-13 1.1x 10-16 6.0x 10-4 3.7 x 10-15 
Vv, ps a Ro a Ry a Ry 
s x x x x x x x x 
. 
n os 4.1 x 10-17| 4.1 x 10-37 x * | 45x 10-4 45x 10-4 x 
PV, Pv 2.0 x 10-15 a @ | 16x 10-15) 3.0 x 10-16 | Ry| 2.3 x 10-16 
Ss Ro x x Ro | R;| x x a 
| |———_;—- 
nt x x 1.3 x 10-15, 8.0 x ee | 44x 10-17 8.2x 10-15 
Pv, ps 6.0 x 10-17, 1.4.x 10-14 Ro 3.0x 0-15 5.6 x “10-15 R,| Ry 
5 R, Ry x x Ro zl x ) x 
} 1 | 
n x x x x J x x 
Pps, ps 1.6 x 10-14 1.2 x 10-16 1.2 x 10-16 1.1 x 10-15 J cE Ox 10-15 15x “10-15 
5 Ry Me R; Re 7.0 x 10-1 / 7.0 x 10-4 a | R, 
t: Pseudovector meson. 
pe oa Pseudovector | Tensor 
Coupling 
of z, 7° St fo | SF 80 | &So | § So Tho | F & | &So & &o 
n * 
s, § 
§ * 
n x x 
8, V 13x 10-4 
‘ 5S | 2.9x 10-15 3 . 
m | 13x 10-16 x x 4 x 
$s, pV R,| 1.2 x 10-15) 2.2 x 10-15 42x 10- 7.0 x 10-15 
s x Ry Ry x Ry 
n | 6.3 x 10-1) 4.4 x 10-16 x x x D 
S, ps Ze R, | 5.0 x 10-14 
5 x x R,| 6.0 x 10-16 6.0 x 10-1 x 
n | 38x 10-15) 3.4x 10-16 3.4 10-16 4.2 x 10-1 . 
VY a a a Ry | 4: ax 10-1 3.5 x 10-16 
4 x x x x 
ey a 
n x 6.6 x 10-16 x 1.6 x 10-14 J] 10-1 
Vv, Pv 1.0 x 10-15 a|54x10-17 ee $ -15 
0 1.1x 10 
a Ro x Ry x x a 
n x x Oe TT BET oT Bere OF or oe id 2.8 x 10-18 
WG Nee 1.0 x 10-14) 1.1 x 10-14 3.2% 10-15) 3.6 x 0-1 Ro . ~ 
s R, R, Ry Ry x <. 
n | 15x 10-18 x x 44x 10-4 x “Ax 10-4 iT 
PYs PY 7.0 x 10-17) 7.0 x 10-37 Ry| 2.0 x 10-1 R R 
s . Ry R| x Ry co 72 
a a) eee ee 
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ith nm | 2.9x 10-15) 6.2 x 10-14 x dere x x 2.6 x 10-14) 1.3 10-4 
» PS. : a | 14x 10-14 1.4% 10-16 1.2 x 10-13) 1.3 x 10-15 R, Ro 
x x Ro R; Ro R; x x 
n * x * * * * * * 
Ps, ps 
s x x x x * x * * 
t: Pseudoscalar meson. 
eee ee le ek nee OD rere 2 es 8 ee 
Coupling 
of t Pseudoscalar ‘Pseudovector 
Coupling 
of. z, x° Sh | FS & | Sho | & §o Tho St & g fo O50 
n * * | * * * * * * 
s, S$ 
S * * * * * * * * 
n x x * * * x * * 
S, Vv =F 
$ x x x x * x x x 
m | 23x 10-15 < x D 1.5 x 10—16 x x D 
S, pv | 24x 10-17 R, 6.0 x 10-16 
Ss x 2.0 x 10-15 R, x Ne 1G x 10512 Ro x 
nm | 1.0x 10-16 3.4x 10-15 x x 1.4x 10-16 2.0 x 10-16 x x 
S, ps Rs Ry| 4.9x 10-16 1.4 10-17 Ro R,| 3.4 x 10-17 5.0 x 10-15 
pase) = RE fcr x Zi Ro Ry x x R, Ro 
n | 14x 10-16 3.8x 10-15 3.8 x 10-15 6.0 x 10-18) 1.0 x 10-4) 3.7 x 10—17| 3.7 x 10-17) 5.5 x 10=%° 
VY Ro} Ro R; a a a Ro 
G x x x x x x x x 
n ax 4.1 x 10-15, x 6.6 x 10-18 x 3.5 x 10-17 x 6.4 x 10-15 
Vv, pv 1.1x 10-17 Ro | 3.2 x 10-15 He IBY sae & a | 2.0x 10-16 a 
; xy R; x Ro x Ro x Ry x 
n x x x x x *x x x 
v, ps 6.0 x 10-16 1.2 x 10-17 2.3 x 10-15 1.1x 10-15] 2.2 x 10-16 1.8 x 10-16 
5 Ry fenl| ast x 10 Ae @ | 40x 10-7 Ro Tey Ry 
nm | 1.0*« 10115 x x 1.2 x 10-17] 3.8 x 10-44 x x 1.2 x 10-15 
Pv, Pv 4.6 x 10115 4.6 x 10-15 R, a | 7.0x 19-16 7.0 x 10-16 
5 x Ry Ro x x Ry R, x 
a x x * * * % * * x 
Pv, Ps 
é x * x x * x * x 
Pe x x x x * * * * 
Ps, Pps 
s * * x x * x * * 
Note: - 
x : Forbidden by Furry’s theorem. 
*+ Forbidden because of no Lorentz invariant matrix. 
4: Forbidden by p*+=y™. 
P: Forbidden when v is the vector coupling of scalar meson (Divergence theorem). 
co@: Forbidden when t, z and x° are the tensor couplings of pseudovector mesons 
by making use of regulator. 
a: Convergent but ambiguous, applying regulator. 
R,: Divergent but dropped by regulator {dx p(x) =9, fax log|x| o(x)=9, 


Divergent but dropped by regulator (ax xp(x)=9, jax x log| x| o(x)=0. 
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measured by Wagner and Cooper,” 725+40m. Such a kind of zs-meson would 
have long life, if the pseudovector coupling of pseudoscalar meson were not 
effective. 

5. Table of life times. The life times for r->2z+7° decay are represented in 
Table II for all possible combinations. To calculate the life times we assume for 


simplicity the values of masses and coupling constants as follows. 
/-=900 m, Ext =Lpo=300 m, (2.27) 
fafa, Bae (2.28)* 


yf and g are the coupling constants of z* and z® mesons with a nucleon, corres- 
ponding to the couplings without and with differentiation, respectively. # and G 
are corresponding quantities for r-meson. These values adopted are only conventional 
ones and will be discussed lately. In this Table z*- an z°-mesons are symmetrical 
and can be interchanged in each other. (to be continued) 


42) N. Wagner and D. Cooper, Phys. Rev. 76 (1949), 449. 

* Concerning to the magnitude of coupling constants we ignore the equivalent relations. 7%, g* 
etc. should be expressed by 72/47, g2/4z etc, in Heaviside unit, but 4x is dropped here for 
simplicity. 
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On the Decay of a Heavy Meson into 
Lighter Mesons. 


S. Ozaki, 'S. Oneda and S. Sasaki. 
Physics Institute, Tohoku University. 
January 7, 1950 


Existence of a heavy meson (t-meson) 
having the mass about 700~1000 times of 
an electron and the fact it disintegrates into 
m-mesons is almost confirmed by recent 
experiments. For example, C. D. Rochester 
and C. C. Butler” have reported the processes 
which are considered to be t+->z*++7° and 
7r—>nxt++n- and C. F. Powell and others” 
have observed the decay process in which a 
t-meson disintegrated into three m-mesons. 
Furthermore, L. Leprince-Ringuet” obtained 
the interesting photograph in which a t-meson 
gave rise to Star and a g-meson, produced 
from that star, led to the next star. Among 
them, Powell and his coworker’s experiment 
seems to be most convincing and Leprince- 
Ringuet’s photograph indicates us the fact 
that the coupling of t-meson with nucleons 
is not so small because of the production of 
star. From the evidence mentioned above 
and the unstability of a t-meson, it is rea- 
sonable to consider that the process occurs 
via nucleon field and a r-meson is a Boson. 
If a r-meson is a Fermion, Powell’s process 
occurs as the following : 

1) rtoN+PttPont+ P+ Pte 
’ —nt+nt+P-+N+t° 
orttnttna-+r°, (cr, spin 4) 
2) ct+>P+P-+ctont + N+P +t'* 
—>nt+n-+r'* (c'* spin 4) 
As for the case 1), the momentum law being 
satisfied by three particles (Powell’s evidence), 
it is difficult to consider the other uncharged 
particle besides charged = mesons and the 
mass of a t meson may be not so heavy 


that it disintegrates 4 particles. On the other 
hand, in the process 2), r'* meson is not 7, 
because it is a Fermion. Therefore in this 
case, we cannot help considering the new 
particle which has a almost same mass. as 
that of a a-meson and spin + and whose 
interaction with nucleon is fairly strong. 
Judging from this point of view, it seems to 
be reasonable to consider a t meson as a: 
Boson. 

If a t meson is a Boson, Powell’s process 
occurs as the fourth order one in the per- 
turbation method; t*++>P+N>r*+N+N 
s>nt+n-+P+N>nt+n-+7*, while the 
processes tt->z*+7° and r+-+a++7 occur 
generally more rapidly than the former, 
because of the third order process. Therefore, 
in order to explain Powell’s experimental 
result, we ought to seek the forbidden case 
of rt>nt+n°, and t++x*+y7. In the 
process t#++>z++7, the following cases are 
forbidden” 

1) when both r and z mesen have spin 0. 

2) when r or x meson is the scalar meson 

with vector coupling. 

In the process t#++x++7°, we obtained the 
following selection rules”. Namely, if we 
denote wave functions of t and a mesons by 
U,, V2, Ws and Dirac’s matrices of their 


interaction with nucleon by O,, O2, O3 
respectively, 
Sp(0,0,0;+£0;0,0;) 
U,V,W3=0 (1) 
Sp(O,0.r 03-037 49291) forbidden 
Uz5-V.W)=0 (2) 


and specially in the case where (1) vanishes 
identically owing to 75, then 
Sp(7o Ors Os+e Os73 Oot a9) 


0 __(v,W,)=0 (3) 


U, “9 XnoXe. forbidden 
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where ¢ equals to 1 for symmetrical theory 
and -1 for neutral one. From the rules 
mentioned above, the cases of pseudoscalar 
t meson and scalar and pseudoscalar 7 mesons 
(ps>s-+s, ps—>-ps+ps) are forbidden for both 
symmetrical and neutral theory. From these 
results following choices for t*+>a* +27 +7° 
are allowed, that is: 
1) 1 is pseudoscalar and z is pseudoscalar. 
2) + is pseudoscalar and 7z is scalar. 
And also the analogous selection rules are 
obtained for the fourth order transition process, 
that is, if we denote the wave functions of 
ct and a mesons by Yu, Uj, V2, Ws and 
their interaction matrices by O,, O,, O., O; 
respectively, 
Sp(O, 0,0;0,+ 0,0;0.0;) 
Y,U,V,W;=0 
Sp(t2O0,02030,—040;0;0;72) forbidden. 
0 
a aX, =—(U,V,W3)= 0 | 
Of course, the same anxieties as in (1) are 
required when the form Sp(7s7a7s) appears. 
Applying the rules to these two cases, we 
find that the all combination of the former 
1) are allowable and those of the latter 2) 
vanish. ‘Therefore we have to calculate only 
the case where both r and z are of pseudo- 
scalar. The decay life times for possible 4 
types are calculated. 
1) G4g,° (both r and z pseudoscalar interac- 
ae 
(Gigs)? x6 oe (1M +4)/2 
ie = es ae *) [rah tan id 
ree nate 
To=1,5x10-" sec. 


2) G.g,° (rt pseudovector, zm pseudoscalar 
alle 
ha, 9(Gog,*)*x. 3 a (l=_M +A) /2 
T Pa 
3 tee [dehy “alles *) faa {av in 
(2M+3N—1)?, 


To=1.8x10-!2 sec. 
3) Gg. (t pseudoscalar, 
interactions) 


an ae ae y(zy [air 


7 pseudovector 


(1—M—A)/2 


(4 dN {M2+10MN-+4N? 


— (8+1942)M — (> +a°)N 
5 
54502), 
t=1 x10 acc: 
4) G,g,° (both r and z pseudovector interac- 
tions) 
To=1.7X10-"* sec. 
where we used the following values and 
abbrevations : 


= {Ue a°)(1—3a*—2M) 2M) es j 
a eae, oe 
x,.=M,.c/h, x=Myc/4, a=*,,/%:, 


g°/he =1/10, G*/Re=1/10°, M-=1000 m, 

M,.=300 m, My=1840 m, 
and the diverging and ambiguous integrals 
appeared in the calculations are dropped off 
by regulators j p(x) log|x|dx=0, [p(x)dx=0 
and {(x)xdx=0. In these cases 3) and 4) are. 
too short to be considered as reasonable values 
and can not explain Powell's experiments. 
Therefore, types of interactions of z mesons 
seem to be pseudoscalar. Besides the explana- 
tions mentioned above, there is other possibili- 
ties, that is, the processes r*—>z*+ 1° and r°—> 
z*+z° occur successively. But as was seen 
in part II,” its life time is too short to ex- 
plain Powell's experiments and their pos- 
sibilities are still undetermined unless the 
exact values of masses of rt and r° mesons 
and their coupling constants with nucleons 
are obtained. After finishing of these calcula- 
tions, we obtained S. Power's result’ concern- 
ing the same problem which seems too long 
compared with ours. Details wilh soon appear 
in Prog. Theor. Phys. 

1) C.D. Rochester and C. C. Butler; Nature, 
160 (1947), 755. 

2) R. Brown, U. Camerini, P. H. Fowler, H. 
Muirhead, C. F. Powell and D. M. Riston; 
Nature, 165 (1949), 417. 

3) L. Leprince-Ringuet; Rev. Mod. Phys. 21 
(1949), 42. 

4) S. Oneda, S. Sasaki and S. Ozaki, III; Prog. 


Theor. Phys., 5 (1950), 165. 
5) S. Sasaki, S. Oneda and S. Ozaki, II ibid, 5 
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(1950), 25. 
6) S. Ozaki, S. Oneda and S. Sasaki, I, ibid, 4 
(1949), 524. 


S. Sasaki, S. Oneda and S. Ozaki, IV, ibid. 
5 (1950), in press 
7) S. Power; Phys. Rev., 76 (1949), 865. 


Effect of Nuclear Motion on the 
Fine Structure of Hydrogen. 


T. Ishidzu. 
Department of Dynamics, 1st Faculty of 
Engineering, Tokyo University. 


January 16, 1950. 


The relativistic 16-component wave equa- 
tion including the interaction (¢?/2r)| (aa) 
+(aer)(axr)/r?] was applied for the system 
of a proton and an electron. By eliminating 
its angular part for a given total angular 
momentum F’, M, two sets of simultaneous 
equations were obtained for eight radial 
functions respectively. Each set of the 
equations is reducible, in the special case F=0, 
to a set of equations for two radial func- 
tions; each set corresponds to the state P3 
or Sj respectively. The equations were solved 
by the usual perturbation method in power 
series in B=m/M and the energy values 
were obtained, in each power of B, further 
in each power of a? (a=e’/ch). The results 
have shown: The term of order Ba’ in unit 
of me? gives simply the reduced mass correc- 
tion in accordance with those of Breit and 
Brown” and of other former works. Of 
the term of order Ba’ the only on 2 dependent 
part also agrees with the result, of Breit and 
Brown, but differs slightly from the simple 
reduced mass correction, i. ¢. by a term 
proportional to 1/n*; the remaining part cor- 
responds exactly to the hyperfine splitting 
for each of the two states n° Pj, F=0 and 
n°S}, F=0 of an idealized proton having 
one nuclear magneton. The terms of order 

B?a*, and of. order a? in remaining power 
of B give, however, twice as much as the 
reduced mass corrections. Thus we may 


conclude that within terms of order Ba‘ as 
well as of order a? in every power of 8 no 
displacement occurs between the levels n*Pi/2 
and n*Si)2. 


1) G. Breit and G. E. Brown, Phys. Rev. 74, 
1278, (1948). 


On the Electromagnetic Properties 
of Mesons. 


T. Kinoshita and Y. Nambu. 
Institute of Physics, Tokyo University, 
and University of City Osaka. 
January 17, 1950. 


The Quantum Electrodynamics recently 
developed by Tomonaga and Schwinger was 
able to explain the behavior of an electron in 
the electromagnetic field quite well. But 
there remain many questions unsolved in 
applying this theory to the problems con- 
cerning meson. With an intention to make 
clearer the present situation of the meson 
theory, we have calculated the electromagnetic 
correction to the mesonic charge-current 
which involves quantities observable in prin- 
ciple. Relativistic extension of Duffin-Kemmer 
formalism is used to follow the formal 
analogy of the electron as far as possible. 
It is seen that the result can be identified 
with that of the usual Proca and Klein- 
Gordon formalisms. 

Our interaction Hamiltonian is 


Ho] = —ied'Bud Au +—¢'By 


me 
(14+ (Br))BwAvd, (1) 
where @ is a free particle operator satisfying 
(B,6.+m)¢=0, (A=1, 2,3,45 xy=it; 
f=c=1), (2) 


gt=~p*(28,°—1). (3) 
my iS an unit vector normal to the surface. 
The commutation relations are 


[dele), o(2!=7—BreDe—2"), 


+= /--(60)* ? 


m m 


and 


B=po-—m+ 
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‘)]=10y,Do(x—-2’), 
others are zero, (4) 


[Ap(x), Av(x 


where D(x) and D,(z) are D-functions of 
meson and photon respectively. The Sch- 
roedinger equation corresponding to (1) can 
be solved in the form of the S-matrix 
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operator of Dyson. This comes out to be 
independent of the choice of families of 
intermediate surfaces in spite of the explicit 
dependence of each H-Jo;] on the normal 
which is the content of the 
The lowest order cor- 
found 


to the surface, 
integrability of (1).” 
to the mesonic current is 


rection 
= lee Us [(ae,)- vidi WEEE Lech when we extract from this S-matrix the 
aso Me J second order correction to the elastic scat- 
tering of a meson scattered only once by 
Halos) +) Helen) ) an external electromagnetic potential. It is 
in which P{) is a chronological ordering found that 
(FP U)i0 =| (dade! Vele—2"NLjnla), jole Ve Dole’ —2"/ol2") 
— “| (dx’)(da’’\p'(x’) Ky (x’ —2, a—2"’)p(x’’) 
+e (dao’)(da’’)[ p(x) By BD(x—2’)9(x’) + 9"(x") BD(z’ —z)Bud(z)] 
+5) (dzNele—e' Line), He] (6) 
where 
K(E,0)=By(Dol(E +) BD(E) 8. BD (y) + Dy(E +7) BD (£)8,, BD(y) 
+ Do(E +7) BD(€)B.BD(y))By (7) 
and 
e ro) * 
(2) = — 5 ["(da)B,(Dyle—a") BD (2 2") + D(e—2" BD\x—2") 8,92). (8) 


(We have used D(x) and D(x) instead of 
Dy\(x) for convenience of calculation.) The 
first term in (6) represents the effect of 


vacuum polarization which is discussed by 
many authors ;* it is 


hak K+ K, ' dik ee : 
Gn (tog ms *—1) jule)— ag al (dx) F(a—2’) ju(x’) for spin 0 
(aiPengeo—|_ a (KK) KK ~ Nines 
Ox. oy log Beate *) = 24x o(4 Laer xt patie aah Ju(z) 


= = as Or ame)” (da’) F',(a—2’ lj u(x’) 


for spin 1 
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where K,= 
F (2) =~ 


seg ee and 


Gr 


H*"(z) in the last term of (6) can not really 
be the e?-electromagnetic self-energy of a 
meson as it is, since this destroys the in- 
tegrability of the theory when subtracted 
from (1) and thus (6) becomes dependent 
on the choice of the surface family. It is 
possible of course to modify at each stage 
of approximation so as to preserve the 
integrability. The effect of this modification 
is merely to drop the normal dependent 
part in the last term of (6) which arises 


K+ Ko, 


te 


when ¢é(x) is combined with D(x). (2) can 
be expanded in powers of B9+m; the zeroth 
power term gives rise to a term which is 
cancelled by the last term of (6) when 
inserted in the third term of (6), the remain- 
ing parts give terms of charge renormalization 
type. Half the latter is found to be just 
equal to the charge renormalization part in 
the second term of (6) with opposite sign 
and thus it is not necessary at all to renor- 
malize the charge in these terms which is 
quite similar to the situation encountered in 
the case of an electron.) The. current which 
arises from the remaining part of Ky is — 


ge eee sah acd Dis & Pjulz) + 


m Oxy -{G- 2 mi re By. — "Bo and | 


— 2 OYE inte) + (log ue + + yg) ite Fy(v—a’) + Fie 2')jule’) 


- (+g DB) [ev e-#Vie"] 


—-@ 


x 19 ip , Ud { 
1224 91 (24) atau.d + ye Botsnnd +54 (te Foe") tang 10) 


Anm Oxy 


+{- GB) gh f@ene—= 


where 8y.=8y8.—B yb» and U,—+0 means the 
infrared catastrophe. (9) with its first term 
removed by: charge renormalization and the 
current (10) added together form the ob- 
servable (at least in principle) part of the 
correction (6). This final result is logarithmi- 
cally divergent and therefore is ‘not to be 
compared with experiments (which is however 
a result expected by a general consideration 
from the beginning). (10) has a common 
form both for vector and scalar mesons which 
is only distinguished by the special represen- 
tations of B-matrices (10-10 matrix for vector 
and 5-5 matrix for scalar) and further by 
y(=6 and 4 for vector and scalar mesons 


-@o 


e)d nd! + (“39+ gas) (de lea Boteng | 


—o 


—_— 


respectively). To interpret this result literally 
is, however, fairly dangerous. 
from (10) the scalar meson also seems to 
have a magnetic moment. In fact this is 
not curious since (2) should be regarded as 
a wave equation’ of a sort of particle with 
spin 1 even in the special representation of 
B-rowed f’s. In order to obtain a result 
which is related to the one obtained by the 
Klein-Gordon equation, we must go from 
the Duffin-Kemmer formalism to the usual 


For example, 


tensor form by the well-known relation 
between the components of wave functions. 


In the scalar case the tensor form of 


310 Letters to the Editor 


ie (d'sm4) is easily found equal to that 

xe 

of 5 —Du(2) and (10) may be written as 
m 


2 (log ue tl)Ke 0 ar | de’ (Fela!) 


+F,(a—2’)) Jule’). (14) 


Thus there appears no magnetic moment 
in the Klein-Gordon formalism. In the Proca 
case we encounter a logarithmically divergent 
anomalous magnetic moment as well as an 
electric quadrupole moment. 

Detailed calculations and discussions will 
be published in a later issue of this journal. 


4x 


1) This commutation relation is suggested in 
the paper of R. P. Feynman, Phys. Rev. 76 
(1949), 769. 

2) P. T. Matthews, Phys. Rev. 76 (1949), 684 

3) M. Neuman and W. HH. Furry, Phys. Rey. 
76 (1949), 1677. R. G. Moorhouse, Phys. Rev. 
76 (1949), 1691. 

4) Discussions about similar circumstances are 
given in detail by Karplus and Kroll (Phys. 
Rey. in press). 


Nonsingular Tensor Force in Pseudo- 
scalar.Meson Theory. 


S. Endo and S. Tani. 
Department of Physics, Tokyo University. 
January 1950 


Several authors” have pointed out that the 
so-called r~*-singularity in the non-relativistic 
nuclear potential derived from the pseudo- 
scalar meson theory is caused by the inade- 
quacy of the way to derive the formula. 
We have obtained a similar conclusion, but 
our underlying physical consideration — is 
somewhat different from the preceding ones. 

We should remind ourselves that a 1/2-spin 
Particle at rest performs Schroedinger's Zit- 
terbewegung, the amplitude of trembling 
being a_ half Sota , wave length. The 


phase factor exp 7(K, x X)/& appearing in 
course of calculation describes the effect of 
the retardation of nuclear field generated by 


the meson with momentum K_ which * 
emitted by the nucleon (2) at ms? Point x 


and absorbed by (1) at the point x and it 
is this phase factor which yields the spatial 


dependence of the nuclear potential. Let 
qa) 
X, X denote the coordinate shifts due to 


the Zitterbewegung of nucleon (1), (2) re- 
spectively. Then for smaller separation of 
two nucleons, we should take X into account 
and the phase factor will be given by 

@ @ 4) = eyes) me) 2) 
See F=303- 6K, X-%) UK,X) -HK, XD 


& ted & € 


in first approximation. By virtue of the last 
two factors the singularity might reduced. 
We have calculated the nuclear potential 
term in the Hamiltonian of two nucleons 
plus pseudoscalar meson field along the line 
stated above. (We have employed the pseu- 
doscalar coupling exclusively.) The calculation 
runs in an analogous way to that in the Pauli- 
Fierz’s solution of the electromagnetic in- 
teraction. But we have used here the 
“physical representation” of the Dirac par- 
ticles’ operators; and consequently the 
mathematical formulation of the physical 
idea was much facilitated. The result for 
the second order of coupling constant is 
approximately as follows. (The term ac- 
companied with a nucleon pair creation was 
discarded. M: nucleon mass. s: meson 
mass. For simplicity the neutral meson was 


assumed.) If he 
. —pr (@) 7 1 or) ff ) 
f : {+(e 0)(-es densi all 
Gate bat ve +f) , 


and when r becomes smaller than the nucleon 

Compton wave length, the form of potential 

gets changes, and x ah for very small r, 
me J. 


P{+(oa) (on) (er) E 4 (14 26 “Y)). 


At the beginning of nition, we have 
adopted two approximations, the nonrelativistic 
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approximation and the neglection of all recoil 
effects: that is, more concretely, (i) the 


nucleon energy operator is taken as (Me? 
+ aaz) Po: (ii) the change of kinetic energy 
after the virtual meson emission is rejected ; 
(iii) the Zitterbewegung is assumed to be 


equal to that in case of p=0, i.e., X= oo; 
@ 4 


(iv) the effect due to the coordinate shift 
(which compensates the decrement of the 
transversal spin by increasing the orbital 
angular momentum in order to conserve the 
total momentum) is neglected throughout. 

Fuller account of these points will appear 
shortly. 

The authors wish to express their cordial 
thanks to Mr. G. Takeda for his kind help 
in this work. 

1) Araki: Prog. Theor. Phys. 4, (1949) 195. 
Van Hove: Phys. Rev. 75, (1949) 1519. 
Nambu: Prog. Theor. Phys. 3, (1948) 444. 

2) Pauli and Fierz: Nuovo Cim. 15, (1938) 167. 

8) Tani: Sorynshiron-Kenkyu (collected notes 
concerning the theory of elementary particles 
in Japanese) Vol. 1, p. 1. 

Fuller account of the physical representation, 
including the cases of spin 1 and 0 and 
photon, will be published shortly in this 


journal. 


On the y-Meson Decay. 
S. Ogawa and S. Kamefuchi. 
Institute of Theoretical Physics, 
Nagoya University. 
January 25, 1950 


Recent investigations have shown that the 
ye-meson decay is accompanied by the emis- 
sion of one electron (or positron) and two 
neutral particles. Considering the theoretical 
correlation to f-decay, one of these two 
neutral particles is supposed to be neutrino, 
but the identification of another particle still 
remains unknown. 

As to this point we may propose a pro- 
blem, i.e.} if these two neutral particles are 
completely identical (that is, if the 2nd 


neutral particle is also neutrino), there exists 
a possibility, besides the ordinary spontaneous 
decay, that the 4-meson. decays to only one 
electron (or positron). Of course, such a 
process is prohibited for the free ~z-meson by 
the conservation law of energy and momen- 
tum. It is allowed, however, for the meson 
bound in the orbit or subject to scattering 
in the Coulomb-field of nucleus. In these 
cases the decay is followed by the emission 
of an energetic electron inheriting the most 
If, therefore, 
it is determined by observation whether these 
processes exist in nature, we shall have a 
new knowledge of this unknown neutral 
particle. For this purpose, we have calculated 
the probability of aforesaid transition proces- 
ses and discussed their results. I) As the 
interaction energy of the #-meson decay we 
take the following expression 

H=9(¢." Bd.) (Pv* Boy) +... (1) 
where ¢., gy and ¢, are the wave function 
of electron, neutrino and z-meson respectively. 
It is for the brevity of the calculation that 
we have chosen the expression (1). It should 
be noted, however, that as the interaction 
energy of the scalar type other than (1), 
we may take, for instance, 

H= gb." Bdy) (py? Bd) +c.c. 
but it prohibits the decay of -meson ac- 
companied by only one electron. For in the 
calculation of matrix element the spur of the 
factor (%y"B¢,) can be calculated indepen- 
dently of another factor for the’ case of 
closed process (i.e. creation and annihilation 
of the virtual neutrino), and becomes zero. 
Now we obtain as the probability of the 
ordinary decay of the s#-meson due to the 
interaction (1). 
wo=(97/48r°) u(u/2)' h=e=1, 
jt: pemeson mass 


part of the #-meson’s energy, 


II) Next, we may calculate the probability 
of one electron decay for the case of “-meson 
bound in k-orbit of the atom. The result is 

w=w,(2"/3)2(1/1+ (1/az)*)"(az)*.4, (2) 
where a is the fine structure constant, < the 
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atomic number of the atom and A is given 
fe 


1 2 
A=) nia\ idk | (3) 
This divergent integral is due to the mo- 
mentum of the virtual neutrino in the inter- 
mediate state and is of 3rd order divergence. 
Finally, calculating the probability that the 
p-meson decays into one electron (or positron), 
under the influence of the Coulomb field of 
the nucleus, we obtain 

w! =U X 3+ 2'?xre'2*(1/B)(1/°)A(1/V) (4) 
in the approximation E,>yu. B=P,/E, is 
the velocity of the s-meson and V is the 
volume in which the wave functions are 
normalized. When there are NV atoms in the 
unit volume, we have w’’=w’- WN as the 
probability for the “-meson decaying due to 
the above process in passing through the 
unit length, while we have 

Wo =Wo 1-# N B 

as the probability for the case of the ordinary 
decay. Therefore, (4) turns out to be 
w'=3 " 21270264 Nz*(1/p0°)_4 a wo //1—B (5) 

II) The probabilities (2) and (5), in its 
absolute values, strongly depend on the diver- 
gent integral. This divergence may be saved 
by the regulator subjected to the appropriate 
conditions, Another device is the introduction 
of the neutral fields, besides the neutrino 
field. These remedies, however, are not 
interesting, if not correlated to the problems 
of the self-energy and others due to the 
interactioh such as (1). Therefore, we may 
not go beyond giving the values of the 
probability on various cut-off limits of the 
integral A. As seen from the Table (1), 
these processes are of small effect compared 
with the ordinary decay process, so far as 
the integral is cut off near the s-meson mass. 


oO 


We wish to express our hearty thanks to 
Professor S. Sakata for his suggestions and 
to Mr. H. Umezawa for many helpfull 
advices concerning this problem. 

1) Leighton; Anderson & Seriff, Phys. Rev. 75 


(1949), 1432. 
J. Steinberger, Phys. Rev. 75 (1949), 1136. 


Anomalous Magnetic Moment of 
the Nucleon. 
E. Yamada. 
Institute for Theoretical Physics, 
Nagoya University. 
January 25, 1950 
The anomalous magnetic moments of the 
nucleon by vector and pseudovector mesons 
are calculated according to Feynman-Dyson’s 
formalism. The divergences of mass type, 
and of charge type can be removed by 
renormalization. In the vector theory, there 
appear difficulties in relation to vacuum 
polarization, but, in the case of the vector 
coupling, non-gauge invariant terms of them 
vanish by defining the zero-point energy of 


meson-nucleon system in the static magnetic 
field as 


—f > > > > . ‘ 


In the vector and pseudovector theory, terms 
containing the tensor coupling give diverging 
magnetic moments. They converge, however, 
if we use Pauli’s regulator, by the condition 
DexPF=0 and Slex;=0 in the case of tensor 
coupling only and cross. terms réspectively. 
But, then it also changes the converging 
integrals. So, we list here the+results in the 
diverging form. 
Setting, 

bp=frey/z, tn=0, for neutral theory ; 

p= 2f'dy]t, n= —2f'(y—d,)/n, 

for charged theory ; 

we give cy and dy for d<2 


cut-off energy 0.0073, In Qu 
(Z=13.7) 10-7 45 10-5 2910-13 15 
(Z=27.4) 10-12 15 10-13 0.95 


aw? (Z=82) = 


8.33, 


1.6 102 
28 10-15 1.8 10-19 9.4 10-10 x 9’ (2) 


(=1800m) as follows. Here, f*ey means 
fer, 9a fgey, in the case 
at tty of vector (pseudovector) cou- 


pling, tensor coupling, and 
Ht 


Cross terms respectively, and | 
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it is similar for dy. 
I) Vector theory, 


prs (5 -8+a72- —4*) log > 
pole 40S) #18) 
(4a 8 Oy 
d;=cy, 
—3(4-%  0°(1—5 824393) 


+9*(1-38246") log + 


_ 6°(5—367+ 64) he) 
(4—63)'12 cos D} 


+f ‘2(2—2') F(z)dz) 


(eae) 
d= — 3 (49-5 8°(5— 100? + 38%) 


—0*(2—150" + 146'— 36") log 4 


__ 6°(16—702—40'4+36) od 
(4-7) 2 eHeDS 


= 3 | (1-2 (8—72+92")F(a)dz), 


Phe -4 5-8! +0%(5—-682+0") log-5 
8(6—136?+100'—28°) _, 8 
—20n res ay 


Me fk ‘(14 — 182) F(2)dz), 


1 /Lee C 1 
djo= = (g— 5078 +0") +. 0(8— 70" +0") log > 
6(6 — 2067+ 96'— 6° _, 0 

ey 


+26) (1—2)(2— 82) Fla)de), 
0 
II) Pseudovector theory, 


= — (1 —a%(13—20") — 046-80" 


1 6°(20—1067+0' ao 
+0") log — ( (4— —6°) 1/2 ) 60 > >): 


1 
d= 1(14+8%(2— ~8')—50°2— 94? +26")log = 


6(2+126?—130'+26%)  __, 0 
she 348) cos7! 5) ), 


yom 


© €Ep= — yy (7 +707(11 + 230° — 30") —07(8 — 216? 


a: \4"6 
+99! — 5°) log 


ie 6°(36 —276? 4.30! +6) bed 
(4—02)12 Cos 9 


+ i} ‘2(1—22) (4—2) Fle)da), 


ib Alal Bboy A 2 
dy=-s5( 55-7 O'(1 +6")? + 52(16 376" 


+208! —36%) log — 


_9(8—626?-+418'—29°+ 38°, 6 
(4-072 ere: 


+3" ts 2)(3—2—92") F(a)dz ), 
ie 
ae = (2-462 +5") log = 
d(8—68°+0") 3), 
2 


(4—672 
Here ¢ is tree ratio of meson mass to nucleon 
mass, and 


2w 5 - aiibea 

F(x) =log 72. g() oe ? (x) =(1—2x) 6? +2°, 

where, M is the nucleon mass. We have 

used here the “w-method” in integration, 
and w tends to infinity. 

If we consider above results together with 


Case’s results, we can readily see that it is 
only in the scalar theory that the meson 
distributes around the nucleon and forms 
meson cloud, but the effect of the meson 
cloud has inverse sign with that of expected 
intuitively. We now, consider the results for 
the vector (pseudovector) coupling only in 
the vector (pseudovector) theory. Then, in 
conclusion, calculated magnetic moments do 
not fit to experimental values, even approxi- 
mately, in any type of meson. Therefore, 
if we want to get approximate values in the 
second order of perturbation theory, it is 
necessary to mix two or more meson fields. 
As for mixture fields, furthermore, at least 
one of scalar or vector meson and another 


it 
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of pseudoscalar or pseudovector mesons 
must be used. 

I should like to express my gratitude to 
Prof. S. Sakata and Mr. H. Umezawa for 
their kind interest in my work. 

1) H. Umezawa and R. Kawabe, Soryashiron 

Kenkya, Vol. 1, No. 3 (1949), 1. 
2) H. Umezawa and R. Kawabe, Soryfshiron 
Kenkyf, Vol. 1, No. 2 (1949), 147. 

3) K. M. Case, Phys. Rev. 76 (1949), 1. 

J. M. Luttinger, Phys. Rev. 75 (1949), 39, 
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The East-West Effect of the Cosmic- 
Ray in the Upper Atmosphere. 

S. Ogawa and Y. Nagahara. 
Institute of Theoretical Physics, 
Nagoya University. 

January 25, 1950 


The symmetry of the east-west intensity 
of the cosmic-ray in the upper atmosphere” 
(<1.5mH,O) gives the serious difficulty 
against the proton primary hypothesis ex- 
pected from the experimental results of the 
east-west effect at the various altitudes from 
the sea level up to the stratosphere” (~2.5m 
H,O). Recently it has been found that the 
proton is the principal component as yet. 
In order to make clear the problem of the 
east-west effect in the upper atmosphere, 
we calculate the angular distribution of the 
soft component produced from the presently 
accepted process,—that is, proton—z-meson— 
“#-meson—electron. 

I) To estimate, phenomenologically, the 
angular spread between the primary proton 
and the soft component produced from it 
adequate to explain the symmetry of the 
east-west intensity of the cosmic ray in the 
upper atmosphere, we proceed on_ the 
following assumption. (a) The probability 
that, by the collision with the air nuclei, 
proton produces m-mesons which give the soft 
origin through z- and -e decay processes, 


depends upon the intensity and the magnetic 
cut of energy of the proton. The proton 
intensity decreases in air as exp (—2/2 cos 6,) 
(8, is the angle between the direction of the 
proton and vertical.) (b) Thus produced 
soft-component traverses cascade- 
typically. The multiplication function will 
be determined phenomenologically to agree 
with the experiments of the soft component 
in the upper atmosphere. (c) The angular 
distribution between the primary proton and 
the produced soft origin is assumed as 
const (| @\|<o) 

0 (0t>a). (1) 
Thus, comparing our calculation based on 
(a), (b) and (c) with the experimental value 
of the east-west effect, <10%, which is 
given by Johnson-Barry, we obtain as the 


value of (at the atmopsheric depth =0.5m 
H,0) 


in air 


dQ R@)={ 


@w~0.87 radian. (2) 
This estimation is carried on the soft-com- 
ponent only, while the experiment by Johnson 
is on the total intensity. As the hard-com- 
ponent is considered to retain its direction 
more strongly than the soft-component, so 
the value obtained in (2) may be the minimum 
one. 

II) Next, we estimate theoretically the 
angular distribution Of the soft origins which 
are produced at the atmospheric depth 2m 
H,O by the proton which falls vertically 
from the top of the atmosphere. For this 
case, i) the emission of -meson is assumed 
to be angularly uniform in the mass-system 
of the nucleon-nucleon collision. ii) The 
angular spreads associated with the processes 
of m-s and se decay are taken into consi- 
deration. 

Now, we calculate the energy intensity of 
the soft origin, E,(z, 6), which is produced 
at the atmospheric depth zm H,O, and then 
we define the mean value of the angular 
spread of the soft-component as 


<0,>=§|0| (6, 2)d0 | jE(0,2)d0. (8) 
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Calculating the mean value of @ in the 
meaning such as (3), we obtain 


sed = {9 ido | (i. (4) 
The same is done with the y-meson intensity, 
<Op>= [| O|u(9, x)dé / { u(0, x) dd. 


These. results at the atmospheric depth 
=0.5m H.O are listed in Table (I). 


<Os> <Op> = =<wDexp 
0.197 0.155 0.435 


radian 


Table I. (geomagnetic latitude A=20°N) 


As seen from the Table I, the angular 
spread which is estimated by our calculation, 
gives only a half of that experimentally 
required. And from the comparison between 
<0,> and <@,>, it becomes clear that 
the influence of the decay process to the 
angular spread is small. 
The absolute intensity of the soft-com- 
ponent in the upper atmosphere, as is well 
known, cannot be explained by the  soft- 
component produced only from the s-meson 
decay. However, if we assume that the soft- 
components which are produced by other 
causes (e.g. neutral meson decay) are emitted 
with the angularly uniform distribution in 
the mass-system of the nucleon-nucleon colli- 
sion, the symmetry of the east-west effect in 
the upper atmosphere cannot be also ex- 
plained. The effective component which has 
the possibility to explain this symmetry, 
seems to be the heavy nuclei in the primary. 
However, this component is also insufficient, 
as far as we assume the multiple production 
of z-meson by nucleon-nucleon collision. It 
is rather expected that 7-mesons are produced 
in the plural processes, or in the anisotropic 
distribution in the mass-system of nucleon- 
nucleon collision. 
1) T.H. Johnson & J. G. Barry, Phys. Rev. 56 
(1989), 219. 
N. Arley, Phys. Rev. 70 (1946), 975. 

2) Schein, Yngve & Kraybill, Phys. Rev. 73 
(1948), 928. 


W. C. Barker, Phys. Rev. 75 (1949), 590. 
8) Freier, Lofgren, Ney & Oppenheimer, Phys. 
Rev. 74 (1948), 1818. 


A Picture for Cosmic-Ray Stars. 


Y. Fujimoto and S. Hayakawa. 
Department of Physics, Tokyo University 
and University of City Osaka. 


January 5, 1950 


Excellent photographic experiments carried 
out by Bristol Group” give us ample know- 
ledges about the nuclear interaction, since 
they visualize the nuclear interaction more 
directly and cover the wider range of energies 
than others. In order to facilitate our under- 
standing on this problem, we must, first of 
all, build a picture or a model for cosmic-ray 
stars from this experiments. In other words, 
we ask the kind and the energy of their 
agents. 

We may tentatively classify the nucleons 
producing the stars into A-, B-. and C- 
component, according to their genetic rela- 
tions and energies.” We see in what follows 
this classification is convenient and consistent 
for various cosmic-ray phenomena. 

A-componont. This component has the 
energy of 2 BeV or greater and responds to 
the stars with n,=22.» ‘The abundance ratio 
of neutrons and protons (we call this quantity 
as n-p ratio) in this component is about 1/2 
in the stratosphere. These excessive protons 
clearly correspond to the surviving primary 
protons. Thus the energy of this component 
must be higher than the knee of the primary 
spectrum~2 BeV”. The integral n,-distribu- 
tion of the pg is roughly expressed by the 
power-law nz? for ns=2~10, and seems to 
reflect the energy spectrum £7~* of this 
component. Considerable part of this tracks 
in these stars will be mesons produced by 
A-nucleons. 

B-component. This component has the 
energy between 1 and 2 BeV, and respons 
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mostly to the stars with Ms=1. The n-p 
ratio of this component is always about 1 in 
the stratosphere and also at the mountain 
altitude, which means that the B-component 
is produced from A-component. The direc- 
tion of the motion seems to be nearly con- 
served in this A-B transmutation. 0,, 1, 
and 1, stars in the stratosphere have nearly 
equal absolute frequency and similar size 
distribution. This suggests that they have 
the same nature and the charge exchange 
probability in a nuclear collision is nearly 
1/2. The precise comparison of the frequency 
of 0, and 1, stars and the distribution of the 
scattering angle in 1, stars tell us that about 
20% of thin secondary tracks in 1, stars are 
meson. Applying the single scattering formula 
to this angular distribution and considering 
the energy transferred to the nucleus, we 
can estimate the energy of the B-nucleons. 
This result does not contradict our presump- 
tion. Furthermore, the energy loss in one 
collision can be shown nearly 1/3. 

C-component. This component has the 
energy below 1 BeV, and responds to the 
stars with n.=0. It is produced by A- or B- 
component. The angular distribution of grey 
tracks in a star tells us that the angular 
spread of A-C or B-C transmutation is con- 
siderably wide and may be approximated by 
the isotropic distribution. C-protons have 
the non-relativistic velocity, and thus undergo 
large ionization loss. In fact the observed 
n-p ratio of the stars with n.=0 both in 
Stratosphere and at mountain altitude is larger 
than 1. Most of the 0, stars can be inter- 
preted as all energy of the incident neutron 
is dissipated into secondary grey and_ black 
protons and neutrons. Thus the energy 
spectrum of the C-neutrons can be obtained 
from the size-distribution of 0, stars, and it 
turns out to be nearly E>’, 

We shall be able to discucs the various 
properties of the nuclear interaction on the 


above picture as will be accounted in detail 
in the later issue. 


1) R. aL. Brown, U. Camerini, P. H. Fowler, 
H. Heitler, D. T. King and C. F. Powell: 
Phil. Mag. 40 (1949), 862. 

U. Camerini, T. Coor, J. H. Davies, P. H. 
Fowler, W. O. Lock, H. Muirhead and N. 
Tobin: ibid. 1073. 

2) This classification is somewhat different from 
that used in our previous works. Y. Fujimoto 
and Y. Yamaguchi: Prog. Theor. Phys. 4 
(1949), 230; Y. Fujimoto and S. Hayakawa: 
ibid. 502. 

3) We use the same notations as used by Bristol 
group, see ref. 1). 2 is the number of thin 
secondary tracks in a star, eg. 2, means the 
star with #zs=2. The suffix in 2, or 2p 
represents that the agent is charged or neutral. 

4) A.T. Biehl, Il. V. Neher and W. C. Roesh: 
Phys. Rev. 76 (1949), 914. 


Diffusion of the Nucleon Component. 
Y. Fujimoto. 

Department of Physics, Tokyo University. 
Febmary 7, 1950 


Our classification of the nucleon component 
in A-, B-, and C-component” allows us to 
treat their diffusion through the atmosphere. 
The comparison of this calculation with the 
experimental data will testify our simple 
picture. 

In the course of calculation, we make the 
following assumptions which are approximately 
verified by various cosmic-ray obseryations. 

1) The absorption coefficient of each 
component is~1/125g cm=* air. 

2) The collision mean free path for nuclear 
interaction is nearly the geometrical one i.e. 
~100g cm=* in emulsion. 

3) The probability for charge exchange 
in one nuclear collision is ~1/2. 

4) The direction of the motion is con- 
served in A-B transmutations, whereas A-C 
and B-C transmutations take place appro- 
ximately isotropic. 

The results of our analysis are as follows. 

Stratosphere (45 gcm~*). From the ex- 
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perimental data of Bristol group”, we get the 
following table: 


Ns | 0 | at =2 
n-p ratio Peer nde 0.910.283 | 0.57+0.19 
absolute freq a 


(per c.c., day) 794 | 186 108 


The n-p ratio of A component is calculated 
from 1), 2), 3) as 0.50. If we take the 
primary cosmic-ray intensity to be 0.12 sec™’ 
cm-? sterad-!,») the total intensity of A 
component at 45gcm7? is A = 2.67x 10? 
day~' cm-*. Thus the frequency of A-stars 
should be 1.06 x 10*/c.c. day. On the other 
hand, we get from the above table the 
maximum estimation of A-stars as 3.3 x 10°/ 
c.c. day, ie. 2, start+2x (60% of 1s Star), 
considering the n-p ratio of 1, stars. The 
factor 2 comes from our assumption 3). 
This large discrepancy will be plausibly due 
to an overestimation of the primary proton 
intensity, or missing of the stars with two or 
less heavy tracks or both. In fact, nearly 
half of the single counting rate at the free 
atmosphere was reported due to soft com- 
ponent”, though there may be some question. 
The large amount of back rays”, i.e. slow 
electrons, protons and mesons, and the con- 
siderable percentage of a-particles in primary 
rays” will make lower the primary proton 
intensity than that previously supposed. 

The frequency of B-stars are estimated to 


be 1.5 x 102/c.c. day, i.e. 2x (40% of 1, stars). 


Thus the total intensity of the B-component 
is B=0.45A. This means the multiplicity in 
A-B transmutation to be ~0.32. 
Subtracting A- and B-stars we have the 
frequency of C-stars as 6.1x102/c.c. day. 
Mountain altitude (690 gcm~*). The ex- 
periments of Bristol group reports”, 


ts 0 1 >2 
5 n-p ratio "7.10+0.43 | 1.14+0.15 | 0.760.138 
absolute frequency] 936 0.98 0.49 


(per c.c., day) 


From the experimental data in stratosphere, 
we get the total intensity of A-component as 
A=8.7 day~? cm~* at this altitude, and the 
frequency of A-stars should be 0.35/c.c. day. 
Thus stars with n,==2 can be regarded as 
A-stars. 

The frequency of B-stars is estimated as 
1.9/c.c. day, ie. 2x (1s stars). From _ this, 
the total intensity of B-component turns out 
to be B=5.4A. Thus we get the multiplicity 
in A-B transmutations as 0.49, and this figure 
does not contradict with the above estimation. 

Subtracting A- and B-stars, we have the 
frequency of C-stars as 8.4/c.¢. day.. 

C-stars. The analysis of the C-stars con- 
tains some ambiguity, as the C-component is 
the secondary or tertiary product in our 
picture, and the ionization loss of C-protons 
can not be neglected. Therefore, we will 
here take only the C-neutrons into account. 
If we neglect B-C transmutations and consider 
only A-C transmutations, the multiplicity in 
A-C transmutation becomes 1.7 or 1.4 from 
the analysis of stratosphere data or mountain 
altitude data, respectively. This multiplicity 
may be an overestimation, since B-C trans- 
mutations will make considerable contribution 
at the mountain altitude, and the C-second- 
aries from primary a-particles must not be 
negligible in the stratosphere. 


1) Y. Fujimoto and S. Hayakawa : Prog. Theor. 
Phys., the preceding note. 

2) U. Camerini, T. Coor, J. H. Davies, P. IH. 
Fowler, W. O. Lock, HH. Muirhead and N. 
Tobin: Phil. Mag. 40 (1949), 1073. 

3) A. V. Gangnes, J. F. Jenkins, and J. A. 
Van Allen: Phys. Rev. 75 (1949), 57. 

4) G. J. Perlow and J. D. Shipman: Phys. Rev. 
71 (1947), 325. 

5) B. Rossi: Rev. Mod. Phys. 20 (1949), 537. 

6) P. Freier, E. J. Lofgren, E. P. Ney and F. 
Oppenheimer: Phys. Rev. 74 (1948), 1818. 

7) R. IL. Brown, U. Camerini, P. H. Fowler, 
H. Heitler, D. T. King and C. F. Powell : 
Phil. Mag. 40 (1949), 862. 
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Nucleon-Nucleon Interaction at 
High Energies. 


F. Fujimoto, S. Hayakawa 
and Y. Yamaguchi. 


Department of Physics, Tokyo University 
and University of City Osaka. 


February 7, 1950 


Using appropriate unique potential, we can 
explain all the problems concerning the 
neutron proton system with energy below 90 
MeV”. Further knowledges on nuclear 
forces in higher ehergy region are obtained 
from the photographic observation of cosmic- 
ray stars). We find from them the following 
characteristic features of the collisions of 
high energy nucleons with atomic nuclei”. 

1) The cross-section for the nuclear in- 
teraction is nearly equal to the geometrical 
cross-section of the collided nucleus. 

2) The momentum distribution of the 
knocked-out protons, which are observed as 
grey tracks, is roughly represented by P-‘dP. 

3) For incident nucleon with energies 
below 2 MeV, nucleon-nucleon collisions are 
almost elastic, i.e. the collisions associated 
with meson production will be ~20%. 

4) The fractional energy loss in one 
nuclear collision is ~1/3 and nearly in- 
dependent of the incident energy. 

5) The probability for the charge exchange 
in one nuclear collision is ~1/2. 

These results allow us infer the nucleon- 
nucleon interaction at high energies. 

Previously, we calculated the problem on 
the penetration of fast nucleons in the nuclear 
matter?, In this case, we adopted as the 
nuclear force the central Yukawa potential, 
which was well fitted to the low energy 
(<90 MeV) neutron-proton scattering and 
the deuteron binding energy. The main 
result of this calculation is that the cross- 
section is nearly proportional to (e/v)?, thus 
to 1/E in non-relativistic energy region, and 
tends to 4.7 10-?? cm? per one nucleon in 


a nucleus at high energies. 

This contradicts with 1). At first, we sup- 
posed that the large total cross-section at 
high energies, i.e. 1), might be mainly due 
to the inelastic: scattering. But now, 9) tells 
us that the probability for meson production 
is not so great that the opacity of the nuclear 
matter for high energy nucleons must be due 
to the increase of the elastic scattering cross 
section itself. 

Although our calculation is based on the 
central Yukawa Potential, this conclusion will 
not be changed, even if we introduce some 
tensor forces. This can easily be seen from 
the Fourier component of the tensor Yukawa 
field in higher momentum region, which has 
the same property as that of the central one. 
The singular Yukawa potential exp(—*r)/r* 
may be rejected by 2) and also by Berkeley 
scattering experiments. 

Thus we are compelled to suppose some 
new type of the nuclear forces (e.g., velocity 
dependent forces as expected in the case of 
pseudoscalar meson field) sets in at high 
energies, and makes the total cross-section 
larger. 

The charge dependency of the nuclear 
forces can not be concluded from 3), since 
a nucleon will make plural collisions in a 
nucleus and any charge dependency may be 
masked. 

The nuclear forces at high energies may 
be largely dependent on the type of mesons 


assumed, Full account will soon be published 
in this journal. 


1)_ R.S. Christian and E. W. Hart; unpublished. 
The authors are indebted to Dr. L. Baumhoff, 
who sent to one of us (Y. Y.) a copy of 
their work. 

2) The experiment of Bristol group. See our 
preceding notes. 

3) See our preceding notes. 

4) Y. Fujimoto and Y. Yamaguchi : Prog. Theor. 
Phys. in press. 
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Note on the Interaction of Meson 
with Nucleon. 
S. Hayakawa. 
Department of Physics, 
University of City Osaka. 
February 13, 1950 


Following the preceding notes” we can 
infer the considerably weak intersection of 
m-meson with nucleon by the reasons men- 
tioned below. Several arguments for this 
presumption are described in a_ separate 
paper2) Here we confine ourselves in the 
problem of the meson production in cosmic 
rays, especially referring to a photographic 
work of Bristol group.” 

In the first place we take our attention to 
the fact that the frequency distribution of 7s 
reflects ‘the energy spectrum of incident 
nucleons up to ns=10. Such a relation would 
not take place, if the observed thin tracks 
were mainly the mesons produced multiply 
in one nucleon-nucleon collision and the 
multiplicity of the produced mesons slowly 
increased with the incident energy, It seems 
to be plausible that the thin tracks are 
mesons and protons produced by the plural 
act in the concerning energy region, <20 BeV. 
In fact, Heitler and Janossy succeeded to 
explain this behaviour by their plural pro- 
duction theory.” 

In spite of the above fact, the mesons are 
likely produced multiply in higher energy 
region. A direct evidence is obtained from 
the Rochester star, which is caused by the 
incident energy about 10° eV per nucleon”. 
It is a very interesting question in what 
height of energy the genuine multiple produc- 
tion sets in. Unfortunately, there seems to 
be so few materials to solve ‘this problem, 
-but we may mention the cloud chamber 
experiment of Fretter.. The energy of the 
incident nucleons giving rise to the penetrat- 
ing showers is approximately estimated as 
5 BeV or greater from the absolute fre- 
quency.” The integral frequency distribution 
of shower size is represented as nearly 7° 


for n=4, where n is the number of shower 
particles. This distribution corresponds to 
neither the energy spectrum of agent nuc- 
leons nor the plural production by Heitler 
and Janossy. In the latter theory much 
steeper decrease is expected for larger %. 
This may mean that the genuine multiple 
production seems to set in for the showers 
with several or more mesons in heavier 
nuclei. Thus the multiple process for the 
interaction of meson with nucleon will be 
appreciable for greater energy than ever 
expected. 

The energy where the multiple process 
gets over the single one will give a clue to 
find the magnitude of the interaction of 
meson with nucleon. The order of this 
energy may roughly be estimated by com- 
paring the magnitudes of the matrix elements 
of the first and the second orders and the 
density factors of .final states. The ratio of 
the cross sections for both processes is about 
gE] ue, provided that the interaction con- 
tains the spatial differentiation of meson field, 
where g, 2 and o mean the dimensionless 
coupling censtant, the mass of meson and 
the ratio of density factors, respectively. If 
the multiple process overcomes at E/u~10, 
we get g’~10-* to 10-2. which is smaller 
the facter ten or more than the current 
value. 

The magnitude of g’ can also be estimated 
from the ratio of the elastic to the meson 
producing scatterings for the energy Of 
nucleon about P(E] Le" times of that for 
the elastic scattering. This leads to the same 
order of the magnitude of g’, considering that 
about 80% of the nuclear collisions in ths 
energy region are elastic. 

These considerations will in detail be dis- 
cussed lately. 

* It is supposed that the mixed showers caused 
by neutral mesons are frequently observed in 
such a condition that the energy of the 
agent nucleons is considerably high. The 


other experiments accompanied by fewer 
mixed showers may correspond to lower 
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energy events. 

1) Y. Fujimoto ef al: in this issue. 

2) H. Fukuda, S. Hayakawa and Y. Miyamoto: 
Prog. Theor. Phys. in press. 

8) See the references of the preceding notes. 

4) W.Heitler and L. Janossy: Proc. Phys. Soc. 

5) M. F. Kaplon, B. Peters and H. L. Bradt: 
Phys. Rev. 76 (1949), 1835. 

6) W. B. Fretter: Phys. Rev. 76 (1949), 511. 


Relativistic Covariance 
in the Quantum Electrodynamics 


J. Yukawa, N. Oda and H. Umezawa 
Institute of Physics, Nagoya University 
February, 8, 1950 


Various researches”:”)) have recently 
clarified that both electromagnetic and C- 
mesonic self energies of a moving electron 
have the transformation properties of inertia 
mass. Relativistic covariance of the present 
quantum electrodynamics is guaranteed only 
on the basis of the. point electron model. 
But in the calculation for the self energy of 
an electron, on account of its divergence, 
we must cut off the momentum Z of virtual 
particles at any large value and .then pass 
to the limit of 7-0. 
contradictory 
eleciron. 


This procedure is 
with the point model of an 
Such an inevitable procedure, 
which contradicts with the postulate of the 
quantum electrodynamics, gives the finite self 
Stress of an electron and destructs the 
covariance of the field theory. This situation 
has been made clear by the recent discussion 
of Pais and Epstein.® 

Accordingly, we can say that, if a theory 
satisfying the following two conditions, can 
be found within the present field theory, it 
must be just a correct theory of the point 
electron model : 
(I) The self energy of an electron has the 
transformation property of inertia mass. 
(II) The self energy of an electron is finite. 
Now, we have the C-meson theory as satisfy- 
ing conditions (I) and (II), We can there- 


fore expect that, applying the C-meson theory, 
the self stress of an electron becomes zero 
and its stable particle aspect can be given. 

Our aim is just to verify this expectetion. 
We have calculated the self stress by C-meson 
field of an electron at rest with an extended 
Pais’ method. 

In our case, the energy-momentum tensor 
is given by 


Tis = Tust t= 7.5 , 


Tui=— J GO(ar) 0-808), 


1 J Z 2 
re ania (see: ay # oF) 


T,f= 1 — a¢ 


"4x Ox, Oxy 
1 
— on ($2  +299)}, @ 
where @0(u7>v) =On7vt+O.7 0 a 
a # a rr a 
: A As e 
—teAy, Fy= 3 — , T 2%; re 


and Ty: are the energy-momentum tensors 
for an electron field ¢, an electromagnetic 
field A, and a C-meson field ¢ respectively 
and x is a C-meson mass. 

Taking the trace of (1), we get 


{ Tundv=p) g*Bgodv—f Jg*Bgode 


1 ¢ 0¢ a¢ wt 
+. Sicsktier dv+ Ee | $¢dv,. (2) 


From a simple consideration, we get for the 
expectation value of 74, in the second appro- 
ximation of the perturbation theory 


< j Tyypdv > =< j ?*Bgdv> 
+<= (3) 


Denoting the self stress, mass and the self 


energy for an electron at rest by S(0), ~ and 
du respectively, we have 


<4 Tyydv>=38(0) ++ Om. 
Then considering (3), we get 
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80) =—-5 [bu-p 2G 


x2 


Sa, \eede >} eer) 
where du=0u*™-+0n°, Ou®™- and due are 
respectively the electromagnetic and the C- 
mesonic self energy of an electron at rest, 
and therefore dy is finite by the condition 
f =2e*. Moreover we find that <> joo 


xdv> is equal to Wee aun 
p=0 (a) 


in the 


second approximation and S(0) becomes zero. 
In this way, we can verify that the 
correct point model of an electron in the 
quantum electrodynamics is guaranteed by 
the C-meson theory and an electron has a 
stable particle aspect. Moreover, we find that 
our expectation that, a theory, satisfying two 
conditions (I) and (II), must be a correct 
theory cf the point electron model, is true. 
We would like to thank Professor S. 
Sakata for his kind interest and Mr. R. 
Kawabe for his invaluable discussions. 


1) J. Schwinger, Phys. Rev. 75 (1949), 651. 

2) H.Umezawa and R. Kawabe, Prog. Theor. 
Phys. 4 (1949), 469. 

3) A. Pais and S. T. Epstein, Rev. Mod. Phys. 
21 (1949), 445. 


Derivation of the Interaction Potential 
from Field Theory 


Y. Nambu 
Department of Physics, 
University of City Osaka 


February 16, 1950 


From the standpoint of the quantum 
field theory, the ordinary potential of inter- 
acting particles regarded as function of their 
space coordinates and other variables is neither 
accurate nor sufficient. The relativistic effect, 
or the retardation on one hand, and the 
quantum effect, or the recoil and higher 
order force on the other, must be taken into 


account to give a complete description of the 
interaction. This. is especially important in. 
the meson theory where the field has mass 
and charge and the coupling is strong. Such 
a treatment is possible for scattering and other 
perturbation problems concerning elementary 
systems by using the S-matrix expansion. In 
this case the potential seems to be a rather 
clumsy tool to make use of. Up to now, 
however, the latter combined with the 
Schrédinger eigenvalue equation is an indis- 
pensable and inevitable one for dealing with 
bound systems, though a relativistic many 
body problem is rightfully hoped to be esta- 
blished for analyzing the difficulties regarding 
the deuteron and other nuclei. Here we 
shall be content only with re-examining the 
old potential concept and improving it so as 
to conform more closely to the rigorous field 
theoretical view. The usual second order 
potential is easily derived from the Tomonaga- 
Schwinger theory as has been done by many 
authors.» It is given by 
F,(1, 2)=—-y th D JAAD jr ate 
qd) 
H,=H,(1, 2)+ H.(2, 1), 

where 4 denote all indices other than the 
space coordinates. In the non-relativistic 
(c=co) approximation, this gives a unique 
potential. But when we consider the re- 
tardation correction, there arise ambiguities, 
as was recently discussed by Araki’? and 
Toyoda.) For example, we cannot decide 
between (1) and 


H,’= —e'\ jf, (4, i) A(12) 
2, oe) aa (2) 


which do not give the same result for inter- 
action potential. Moreover, when applied to 
the electromagnetic field, neither of them 
reproduces the well established Breit inter- 
action. (Here we are not using the elimina- 
tion of the longitudinal field.) But the latter 
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is provided by the formula (putting a= 
charge density) 
. dj, 
By" =jQV OUD jx) 


x 712) 


2 ——er 
Vag eee 
z 4n or 


Vay PVM, 


(or iV for n=0) 


which agrees with the former only in those 
matrix elements where energy is conserved. 
It seems that there is no reason to prefer 
one to others, so long as we are restricted to 
the second order potential. But the problem 
is at once settled when we require that the 
potential should be so determined that it gives 
correct results for the S-matrix up to the 
fourth (and possybly, higher) order terms. In- 
deed, looking apart from self-energy like 
corrections, there are two main diagrams (a) 
and (b) describing thé fourth order interaction. 
One is a mere iteration of second order inter- 
action while the other is an essentially new 


f 
“4 


process which cannot be expressed in terms 
of Hy. The difference between the true 
fourth order terms and the terms obtained 
by iterating the second order retarded poten- 
tial must then be regarded as the fourth 
order potential Hy, which, in cooperation with 
Hy, yields the correct result for S§,. An 
approximate calculation, using v/e expansion 


and omitting delta-function like terms (effec- 
tive only for distances of the order of the 
particle Compton wave length) gives the fol- 
lowing result : 


H,=-() 2 Ke AD, 5-01 


/ 1 
xp Q,ph@I-Z VV 


[4 ADs), DA@], 


K,=modified Bessel function of order 0 
(4) 


when j, is a static (~(v/e)°) quantity, and 
Pa | u 
H.=( dz ) 4x ee Car) 


LAG), ~#OIA). 72) ©) 


when 7, is non-static (~v/e). Thus, when 
there are non-commuting spin indices in the 
interacting quantity, the fourth order potential 
is not zero even in the limit of instantaneous 
propagation of the field, as will easily be 
understood by inspecting the diagram (a). and 
(b). When 7 is static and commutable, as is 
the case of the fourth component of the 
Méller interaction, we can eliminate the second 
term of (4) by a canonical transformation in- 
dependent of past history : 


¥. =S¥,, 
s=exp[ 1 Gay@nr.?] 


At the same time the second ordér potential 
(2) receives an additional term which just 
brings it to the desired form (3). This ex- 
ample will warn us of too naive an attitude 
toward the familiar potential concept. The 
relation between the potential which should 
be used for solving the Schrédinger equation 
and the interactions appearing in the succes- 
sive terms of the S-matrix is not so simple 
as one may think, even if the high singulari- 
ties and divergences which appear in the ex- 
treme relativistic region are disregarded. In 


vee 
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the meson theory, in particular, where occurs 
the non-commuting isotopic spin variable, 
there may be an essential difference in the 
higher order potentials depending on whether 
the theory is neutral, charged, or symmetric. 
This circumstance will be interpreted physical- 
ly as the effect of stringent correlation between 
the quanta emitted and absorbed successively 
as a result of the charge conservation, a 
situation encountered also in the multiple 
production of mesons by nucleons. 

More detailed account will be given in 
a later report. 


1) . Nambu, Prog. Theor. Phys. 5 (1945), 444. 
Van Hove, Phys. Rev. 75 (1949). 1519 
Watson and Lepore, Phys. Rev. 76 (1949), 
1157. 

2) Araki, private communication to Toyoda. 

3) Toyoda, Soryasiron Kenkya 1 (1949), No. 
3, 129. (in Japanese). 


On the Second Maximum of 
the Rossi Transition Curve: I. 


T. Kameda and 1. Miura 
Scientific Research Institute, Tokyo 


February 16, 1950 


Many papers on the second maximum 
of the Rossi transition curve have hitherto 
been published, some of them confirming, 
while others denying its existence. 

We have been performing some measure- 
ments on the same problem. In order to 
avoid the ambiguity in the interpretation of 
our results, the following precautions were 
taken in the experiments: (a) only those 
showers are counted, which are produced in 
a layer of lead by charged particles incident 
from vertical direction with narrow angle. 
(b) Air showers and local showers produced 
by surrounding material are removed. 

The arrangement is shown in Fig. UF 
The counts of showers containing two or more 
particles produced in lead Sa La cpa as 


=@ and (1254, 5, —6), are measured 
when the trays 1, 2, 3, 4 and 1, 2, 4, 6 dis- 
charge simultaneously, but anti-tray 6 does 
not discharge. The average angle of showers 
of the former is 9° and that of the latter is 
90°. These showers are denoted by NS and 
WS, respectively. Similarly, the showers con- 
taining three or more rays, Clireaitn aos 
—6), are denoted by NWS. 

The transition curves obtained for NS, 
WS and NWS are shown in Fig. 2.. They 
lead us to the following conclusion : The 
conspicuous maximum is found, their position 
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Counts/hr 


Ny thickness 


being between 15~16 cm Pb for NS. The 
slight maxima exist near 15~16 cm Pb for 
WS and NWS. 

To study the penetration of shower rays, 
10 cm lead absorber Jo was interposed bet- 
ween shower detecting trays 3, 4, 5 and the 
lowest trays 7, 8, and we measured the 


cmPb 


countrng rate of (1,2, 3, 3, 7, —6) which 
was the counts of NS accompanied by the 
discharge of two or more counters in tray 7, 
denoted by NPS, and that of Ci, 2) 4) et 
—6) which was WS accompanied by the 
discharge of one or more countes in tray 8, 
denoted by WPS. The results obtained are 


ry. y4 
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est = 


WPS 


cmPb 


ZX, thickness 


shown in Fig. 3. From the figure two maxima 
are recognized near 5cm Pb and 15cm Pb 
of 31, for NSP, while the maximum of WSP 
is found near 5cm Pb of >}, but that near 
15cm Pb is not clear. 


On the Second Maximum of 
the Rossi Transition Curve: II. 


I. Miura and T. Kameda 
Scientific Research Institute, Tokyo 
February 16, 1950 


In order to study the origin of the second 
maximum of the Rossi transition curve, des- 
cribed in Part I, we measured the absorption 
of shower producing rays by varying the 
thickness of absorber 5} (Fig. 1 of I), when 
we interposed 10cm and 17 cm ‘lead as >)). 

The results are shown in Fig. 1. The 
dotted lines in the figure show the estimated 


background of knock-on electrons. (1) 

Subtructing the, background and assum- 
ing the exponential absorption of the remaining 
showers, we obtained the following values as 
the mean free path in lead of shower pro- 
ducing rays App 150 g/cm’, in both cases 
of 31,=10 and 17cm Pb in NS. Similarly, 
dpy © 150 g/cm’, in the case of >j,=10 or 
17cm Pb in WS. 

These values‘are in good agreement with 
that of the mean free path of the rays pro- 
ducing penetrating showers. (2) Therefore, 
we conclude that the rays which cause the 
second maximum of the Rossi curve are 
identical with those which produce the 
penetrating showers, probably nucleonic com- 
ponent. 

The frequency of showers at the second 
maximum, corrected for the background, is 
about 0.1 % of the particles incident on >)). 
This rate agrees fairly with number of fast 
protons at sea level. (3) 
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Next we studied the dependence of the 
occurrence of showers containing penetrating 
particles on shower producing material }},, 
by counting (1, 1, 3, 4, 5, 8, —6) in the 
same weight of paraffin and lead. From it 
we conclude that the occurrence of such 
showers is consistent with what is expected 
from the geometrical cross section of nucleus 
of material in 3},. 

Full reports will be published lately. 

The authors wish to thank Dr, Nishina 
and Mr. Miyazaki for their interest and en- 
couragement and Mr. H. Takeuchi for his 
help throughout the progress of the work. 

J) W.W. Brown, A. S. Mckay and E. D. Pal- 
maticr: Phys Rey. in press. 


cmPb 


1) G. Cocconi: Phys. Rev. 75 (1949), 1074; 
76 (1949), 984. 
3) B. Rossi: Rev. Mod. Phys. 20 (1948), 537. 


Interpretation of the Second Maximum 
of Rossi Curve. 


S. Hayakawa and J. Nishimura 
University of City Osaka and 
Scientific Research Institute 
February 16, 1950 


Since long ago, it has been obscure 
whether the second maximum of Rossi curve 
really exists or not. Recent experiment carried 
out by Kameda and Miura seems to establish 
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this evidence”. Clay has also get the similar 
result, but attempted to explain it by the 
knock-on electrons of mesons”). On the con- 
trary, the former authors infer the second 
maximum as caused by the nucleon component, 
on the basis of the absorption law of primary 
rays and of the initial increase in lead and 
paraffin. But they do not enter the deeper 
consideration on the mechanism of this 
phenomenon. 


As far as we concern to the experiment 
of Kameda and Miura, Clay’s experiment 
may not be accepted, because, in the first 
place, the primary rays posess the charac- 
teristic nature of nucleons as seen in II, and 
in the second place, the saturation should 
take place much faster than at the position 
of the second maximum by the following 
reason: The intensity of hard rays penetrating 
through their counter train amounts only a 
few hundreds times of the frequency of 
showers at the second maximum. ‘Then the 
average energy of these mesons is, in con- 
ttast to the case of Clay, so low that the 
saturation takes place in the very small thick- 
ness of >1,. Furthermore, the second maximum 
for wide angle showers can not be attributed 
to knock-on showers. The contribution from 
knock-on secondaries, though estimated in II, 
may not be free from ambiguity, so that the 
absorption coefficient of the primary rays can 
not be literally accepted. The stronger argu- 
ments will be required to establish the nature 
of the second maximum. 

We notice the similarity between the 
second maximum of curve A and the first 
maximum of curve D in I. The knock-on 
electrons may less contribute to the penetrat- 
ing coincidences represented as D and E be- 
cause of the small probability of double knock- 
ons. The curve A minus the knock-on part 
should, therefore, be similar to curve D. 
Curve D has another maximum at the same 
thickness of 51,. We interpret such _be- 
haviour as follows referring to the lemma in 
the subsequent paper®. 


A primary nucleon produces a shower 
containing two kinds of shower particles. One 
has the limited range as large as 17 cm Pb 
and the other undergoes the exponential ab- 
sorption. The former secondaries produce a 
maximum at the total thickness of 3", and 
3S), 17cm Pb. Another maximum due to 
the latter ones is not displaced by the pre- 
sence of }},. Thus the second maximum or 
curve A is composed of these two kinds of 
secondaries and 51, plays a role to discrimi- 
nate between them. The somewhat steeper 
decrease after the first maximum of D than 
that of the second maximum of A seems to 
support this interpretation, since in A the 
superposition of both secondaries may smear 
out the steepness. However, there remains 
an objection that the decrease after these 
maxima is steeper than the decrease of pri- 
mary rays, though they should be equal. This 
may be due to the effect of the geometrical 
condition such that the counters 3,4 and 7 
do not cover the sufficient area to detect the 
all secondary particles. 

The presumption that the penetrating 
shower has two kinds of secondary rays has 
already been pointed out by Walker®. The 
qualitative interpretation such as they are 
composed of protons and pi-mesons is in 
agreement with ours, but the range of the 
shorter secondaries is much longer than that 
obtained by him, In the concerning experi- 
ment, however, the energy of incident nucleons 
is estimated as about 2 Bev or greater from 
the absolute intensity. ‘Then the shower con- 
tains two or more fast particles capable to 
penetrate the 10cm lead layer®. Among 
these particles about a half may be protons 
which mainly undergo ionization loss. Our 
interpretation 1s, therefore, supposed to be 
not far from reality. ‘These considerations 
will be testified by the experiment varying 
the thickness of >}s. 

Lastly we consider the reason why the 
second maximum distinctly appears in the 
experiment under consideration, In this ap- 


328 Letters to the Editor 


paratus the solid angle of the counter train 
is very small. This brings about the con- 
siderable decrease of the intensity of mesons 
and electrons which obey cosine square 
angular distribution, whereas the nucleons 
are less reduced because of their steep angular 
dependence, presumably cos*® law. If this 
were not the case, the tail of the cascade 
shower and the background of knock-on 
electrons would mask the second maximum. 
Thus the small solid angle is essential for 
this experiment, associated with the reason 
mentioned by Kameda and Miura. Further 
the selection of penetrating showers must not 
be too strict, since the strict selection will 
considerably reduce the intensity of available 
nucleons so that the second maximum will 
vanish. 

Full account will be published in Jour. 
Sci. Res. Inst. The present authors thank to 
Messrs. Kameda and Miura who kindly gave 
us their unpublished data and contributed to 
our work by valuable advice. 


1) T. Kameda and I. Miura: in this issue, cited 
as I and II. 

2) J. Clay: Rev. Mod. Phys. 21 (1949), S2. 

3) J. Nishimura: in this issue. 

4) W.D. Walker: Phys. Rev. in press. 

5) Y. Fujimoto and S, Hayakawa: Prog. Theor. 
Phys. in press. 
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A Remark on the Transition Curve of 
Cosmic Ray Showers 


J. Nishimura 
Scientitic Research Institute, Tokyo 
February 16, 1950 


There is a characteristic feature in the 
transition curve of penetrating showers, which 
appears in the Rossi curve measured by 
Kameda and Mima”. The showers are 
generated in a layer with the thickness a, and 
their secondary rays penetrate through another 
layer with the fixed thickness 2,. The transi- 
tion curve taken by varying x, shows two 


distinct maxima as seen in curve D of Fig. 
3inI. To interpret this behaviour we con- 
sider a feature of the transition curve as a 
lemma. 

The frequency of showers in our case 
is represented by 


N(2;) = | deg. t2y —x) 


x E_R-—2z,—2,4+2), (1) 


where e~** represents the intensity of primary 
rays at the thickness x and the function gE 
means the intensity of secondary rays with 
maximum range R. The function E(2) has 
the values 1, 1/2 or 0 according to z posi- 
tive, zero or negative. Transforming the 
integral variable (1) is reduced to 


N(x) =e? LF (ao +21) — Fo) }, 
a) 


where 


F(z) =Sdye"g(yE(R-y). 2) 


The position of the maximum of N(2,) is 
obtained by the relation 


F(2)+2;) 


F’ (a)+2,) =0 
F xo) : 


F\ 2%) @) 


Here we must define the differentiation of 
F(x) as 


F(x) =e"9(x){E(R—x)+6(R—-2)}, (4) 


where @ is the 6-function. 

Case 1. R=co. The curly bracket in 
(4) can be dropped and F(x) is put H(z). 
[f the position of the maximuni is indepen- 
dent on 2 which is the case in the second 
maximum of curve D, H(a) must be an ex- 
ponential function as seen from (3). Then 
g(a) is constant of exponential, but the former 
is ruled out because it can not produce any 
maximum. 

Case 2. R is finite. Then it is incon- 
venient to use E”’(x) because of the presence 
of improper 6-function. We see the behaviour 
of the curve directly from N(a,) making use 


A—2h 


et 
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of the expression 


F(@)=H(«)E(R—2)+ H(R)E(«—R). 
(5) 
We get the expressions for N(a,) correspond- 
ing to three different ranges R: 


VG 0) ior> R=.2,, (6a) 
N(2,) =e-**0)f HR) — H(2y)} 
for 2S RS2%+2,, (6b) 
N(x) =e + Of (¢)+-4,) — H(29)} 
; for 2)-+-2,<R. (6c) 


The maximum can only exist for R>a,+2}. 
In (6b) N(2;) is monotonic decreasing, so 
that the maximum occurs at the smallest 
value of 2,, namely, z,=R—2. In (6c) 
the solution depends on the functional form 
of H(z). A special case is described in Case 
1 

Asa simple example, which will be the 
current case, we put 


g(a) =e**, (7) 
Then the maximum exists at 
Britax =1nCAf 71) (A—p), (8) 


where yz must be as small as to be &maxS 
R—zxz». In the special case, x) =0, (6c) turns 
into a monotonic increasing function and there 
should be 


Rmax=R—2Lp. (8’) 


One must notice amax< A—x, in any case. 

‘When the absorber >}, is removed (see 
Fig. 1 of I), 2 =0, the position of the 
maximum is shifted to larger 2 by x) in Case 
2, whereas no change takes place in Case 1, 
because R—z, is always infinity irrespective 
to the different finite values of a. This ex- 
plains the behaviour of curve A in Fig. 2 of 
Ly 


1) T. Kameda and I. Miura ; in this issue, Part 
I being cited as I. 


The Conduction Electron with Low 
Energy in Ionic Crystals* 


A. Morita 
Faculty of Science, Tohoku University 
February 37, 1950 


In ionic crystals, the interaction between 
the conduction electron and ions is strong. 
On account of it, the mean free path of the 
conduction electron in ionic crystals is smaller 
than that in metals’, And there is a ques- 
tion about the validity of the time-dependent 
perturbation method used for the calculation 
of the mean free path. The mean free path 
(or the mobility) of the conduction electron 
plays an important role in various phenomena 
concerning electron conduction and etc. 
Especially, in the phenomena of the dielectric 
breakdown, for which the theory has not yet 
been established, it is very important”. The 
interaction between the conduction electron 
and ions in ionic crystals gives a theoretical 
possibility of the so-called Landau’s self- 
trapped electron®. But it has not yet been 
observed experimentally.’ These circumstances 
show that the reinvestigations for the be- 
havior of the electron with low energy in 
ionic crystals is necessary. 

Investigation of the interaction energy 
shows that the Fréhlich and Mott’s formula 
for the interaction energy W and the fre- 
quency of optical longitudinal modes y must 
be modified as follows, 


W=1/%,W, v*/vP=x/%, (1) 


where y, is the Reststrahl frequency, x and 
%) are the static and optical valucs of the 
dielectric constant, and. W’ is the Fréhlich 
and Mott's formula for the interaction energy. 
The self-trapped state is obtained from the 
Hamiltonian of the system consisting of an 
electron and optical longitudinal modes of 
the lattice vibration under the adiabatic 
potential approximation. Its thermal activa- 
tion energy E, and optical activation energ 


E) are 
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B,=18.53(.) Z2eV., s=3EeV. 
RANTING 


If we consider the atomic structure of lattice, 
these values are modified as follows 


E,=1.802 Z2¢.V., &=5.406 Z,2 eV. 


That the self-trapping potential behaves Z,e/r 
at a large distance from the trapping center 
is closely connected with the interaction 
energy (1). 

Investigation of the interaction energy 
indicates that the free electron approximation 
is not suitable to the conduction electron 
with low energy and that in such a case the 
wave function of the electron corresponding 
to each momentary configuration of the lattice 
vibration must be used. If we denote the 
wave function of the self-trapped state con- 
taining the lattice. vibration, which trapping 
center is at the lattice point a, by ¢(r 
—Pra x)O"2(x), where x is the variable des- 
cribing the lattice vibration, the wave func- 
tion satisfying the lattice periodicity as above 
mentioned may be constructed as follows, 


Vx(r)=C pa exp(iKra)¢(r— ra, 2) O"a(x), 


‘where C is the normalization factor. The 
energy E(x) for the Yas) is calculated 
with some approximations. Its result gives 
for NaCl, when | %| is small, m/m*~5-10-? 
where m is the electron mass and m* is the 
effective electron mass. The mobility of the 
conduction electron with low energy may be 
calculated with this Wx. 
in progress. 

A detailed account of this work will be 
publisched in the Science Reports of the 
Tohoku University. 


Its calculation is 


* This paper has many similar points with the 
lecture by Mr. R. Kubo at the annual meeting 
of the Phys. Soc. of Japan on April 28, 1949, and 
the writer is indebted to Mr. R. Kubo for indica- 
tions. 


1) H.Fréhlich and N. F. Mott, Proc. Roy. Soc. 
(A) 171 (1989), 496. 


F. Seitz: Phys. Rev. 78 (1949), 1376. 

2) For instance, see A. von Hippel and R. S- 
Alger: Phys. Rev. 76 (1949), 127. 

3) L. Landau: Phys. Zeits. d. Sow jet. 3 (1933), 
664. 
R. W. Gurmey and NF. Mott: Proc. Phys. 
Soc. 49, extra part, (1937), 32. 
J. J. Markham and F. Seitz: Phys. Rev. 
74 (1948), 1014. 


On the Conception of the Energy Band 
in the Perturbed Periodic Potential 


S. Katsura and T. Hatta 
Faculty of Engineering, Téhoku University 
and 
A. Morita 
Faculty of Science, Tohoku University 
February 17, 1950 


There are many physical significances 
in the electronic states, where a slowly vary- 
ing potential field is superposed to the 
periodic field of the crystalline lattice. But 
many of foregoing theories are obliged to 
rely upon the semi-classical or model-like in- 
tuitions, on account of the complexities of 
the mathematical treatments. We have tried 
some mathematical treatments of this problem 
using the method of Bloch’s tight binding 
approximation. We have investigated the 
behaviors of the wave functions and the state 
density in such a field, and have given the 
clear interpretation to “the deformed energy 
band,” which has been sometimes used with- 
Out any interpretation. 

Now we assume the following approxi- 
mate expression for the wave function of the 
whole crystal, 


Jae t C,9, ’ 


where %, and ¢ denote the wave function of 
the isolated atom and the number of the 
lattice point respectively. We can see the 
behavior of the wave function from the de- 


sh 05 
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pendency of C; to /, which modulates the 
atomic wave functions. From the fact that 
the superposed potential slowly varying, we 
obtain the following difference equation for 
C,, 
Crait+2(€—v)C,+C;_1=0, 

where € and » are the representation of the 
energy and the superposed potential field res- 
pectively, with the appropriate conversion of 
the unit. 

We have solved the ahove equation in 
the general forms for the two cases where 
w%«<t and wocl*, and determined the values 
of € (the allowable values of the energy) from 
the quantum mechanical conditions. When 
v<U,"C; becomes the cylindrical function, 
Cr=Si-mwe (ln), where 7, is a suitably chosen 
parameter with the dimension of the length. 
When v,c¢c7*, our treatment becomes rather 
complicated. Fourier transformation, W.K.B. 
approximation and saddle-point method are 
employed in our culculations. 

First we investigate the behavior of C, 
as the function of 7 with the fixed value of €. 
It is the common feature for both two cases 
that C, shows the oscillating form only in a 
certain interval of 7, and damps of exponen- 
tially both outside of it for suitably selected 
values of €. Next we set up the rectangular 
coordinate in the plane, whose ordinate and 
abscissa represent € and / respectively, and 
bound the region, where C; (namely ¢) with 
the eigenvalue corresponding to the each point 
of the ordinate shows the oscillating form, 
and define this region “the energy band” of 
the crystal under the superposition of any 
potential field. It is also mathematically 
proved that the energy band of the periodic 
field is shifted up- or downward for each 
value of J by the amount y in the presence 
of the superposed field. Our one-dimensional 
treatments are easily extended to the three 
dimensional model and suggest that the above 
mentioned feature is general for any form of 
v;. These results make clear the conception 
of “the deformed energy band,” which has 


been conventionally introduced without any 
definite interpretation. 

A detailed account of this work is 
published in the Science Reports of the 
Tohoku University. 

Recently, the authors knew the papers 
about the similar treatments by Slater! and 
James”, but could not read their papers till 
the authors’ paper was prepared. 

1) J. C. Slater, Phys. Rev. 76 (1949), 1592. 


2) 1. M. James, Phys. Rev. 76 (1949), 1602 
161). 


Note on the Elimination of the Normal- 
dependent Part from the Hamiltonian 


K. Nishijima 
Institute of Physies, Tokyo University 
February 22, 1950 


In general, Hamiltonian density is de- 
composed into two parts: 


HA(«)=Hi(a)+ An(a) , (D 
Ay(x) =—L(a), 
An(2) = Ky (@) MM, : (2) 


We make S-matrix using such a Hamiltonian, 
but the normal dependent part seems to play 
no role, so let us consider a method of the 
elimination of Hn(«) by modifying Dyson's 
P-bracket!. 

Now we construct a family of space-like 
surfaces, and write ¢, >o¢. to express that o, 
lies in the future of do. 

The P-bracket in the integrand of S is de- 
fined by 


PU A( 2) Ha) H(en)) 
=H (a2) (aig) --- Hin) (3) 
for 0) o(2a) >o(@a) > > (in); 


where 2, Xiz-++ are the permutation of 24, 


Koyses 


But how shall we define it, if some of the 
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surfaces a(2,), o(2),--- coincide with each 
other? For instance, 


i) a (2%) =O (wiz) >o(e) > ase Pe a (in); 
il) a(24,) =d (iz) = o(ea)>: “> (iq), 


In the ordinary theory, it was not necessary 
to define P for these cases, Because P(H(z,), 
H(,),---Hian)) is the integrand of 4n- 
dimensional integral while the domain for 
the case i) is (4n—1)-dimensional, and (4n 
—2)-dimensional for ii), and so on, i.e., the 
measure of the domains of i), ii),--- 1S zero, 
so that these cases do not contribute to the 
integral. We will admit such a discussion 
for the cases ii), iii),-.., but- will consider 
‘more deeply about the case i), then FP is 
decomposed as follows : 


P H(2,).--H(@n)) = P He.) A (eia)) 
X PUA ais)++- HH tin))- 
Our problem is to define P( Hiz,,), H(xi2)), 
while generally the following formula holds : 
PC A(x) H(2')) = (1/2){ (2) H@’)} 
+(1/2)e(a, 2H), Hix’), (4 
where 
iS hd ee for o(x) > a(x’). 
Faye) = ext for g(a’) >o(@). 


The case when e(2, 2’) troubles us is (2) = 
a(x’), because in this case € is not defined. 
If [H(a), H(«’)]=0, the indefiniteness of 
£(a, 2) does not trouble us, but if [H(x), 
H(a’))<0, then it will be of the following 
form ; 


LH(2), H(a!y}=™* 1¢,(@, xf) Phere’) 


Ox pox af “ 


where Kyy(2, %)=Kyy(x). Consequently 
PAH (%)H(2x’)) is given by 


PUH (2) Ha!) =-}{ (2) Ha!)} 


+2(a, 2) Kuso, 2°) OA dena’) 


Oxy 
a’) 


Here, in order to avoid the indefiniteness of 
of P. we define the modified P-bracket P* 


a 


P¥(H(2) H(2’)) = 9 {H@) H(2)} 


i , 0° A(x—2’) 

++ G7), @ 
then 4(r—z2’)=e(2z, z’)4(a—2’) does not 
depend on the family, and P* coincides with 
P if o(2)yo(2’). 

The general definition of P* is as fol- 
lows: 
case 0) P*(H(x,) H(,).--H(aa)) 

= P(H(2z,) H(2;)---H(2n)). 
case i) P*(H(2,) H(2.)---H(an)) 
= P*(H(2,) H(w2)) PA (a) --- Haig) 

For the cases ii), iii),---, P* is left undefined, 
because they do not contribute to the integral. 


By this modified P* we can prove the 
following formula : 


7 w Pag md 


x PCA (2,).H(2.)H(an)) 


is (+) fi azf diy. {" ditn 
=~ a 
x P¥(L(a,) L(a,)---L(an)). 
The last expression is just the same with that 
proposed by Koba®, and is the eran ne 
of Matthews’ treatment*. 
1) F. J. Dyson: Phys. Rev. 75 (1949), 486. 
2) Z. Koba: Prog. Theor. Phys. 5 (1950), 139. 


3) P. T. Matthews: Phys. Rev. 76 (1949), 
678. 


The Effect of Exclusion Principle on 
the Nucleon-nucleon Scattering 
in Nuclear Matter 
Y. Yamaguchi 
Department of Physics, 
University of City Osaka 
February 25, 1950 
Adopting the degenerate Fermi-gas model 


we pe 
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for nuclear matter, we must take into account 


the effect of exclusion principle due to the 
Fermi-distribution of nucleons in nuclear 
matter, when we calculate the cross section 
for high energy nucleon-nucleon scattering 
occurring in nuclear matter. Such effect was 
discussed .by various authors (Heisenberg”, 
Serber?», Goldberger®, and Rosenfeld”). 

In order to interpret this effect, we con- 
sider the following simple example, which 
yave been discussed by Goldberger: We 


~ issume that the differential cross section o,/47 


of nucleon-nucleon collision per unit steradi- 
in is independent of both the incident energy 
ind the scattering angle in centre of mo- 
nentum system. Let F,°, E,°, &, E, de- 
note the energies (in laboratory system) of 
wo nucleons 1 and 2 before and after col- 
ision, respectively, (1: incident nucleon, 
$: nucleon in nuclear matter before colli- 
ion). Only the collisions which satisfy the 
sondition (1) can take place ; 


EY, E,, E,2Er, and E,Y< Ey, (1) 
where 


Er=Fermi energy. 


The total collision cross section ¢ yuet in nuclear 


matter can be calculated by the method des- 
cribed by Goldberger. One finds: 


E;° =2Er : oman) 1 ee | ? (2) 


BO<2Es:  tmano[ le ft 
2 (2-Fr)] ® 


a, means the total *cross section for free 
nucleon-nucleon scattering. The cross section 
onui E,°, €)de that the incident nucleon with 
energy E,° loses its energy by an amount 
between ¢, e+de in one collision is given by 


Ef—Er>¢> Er: 


amu Ey, \demspos 


Er>e>0: GyuaCk,’, ¢)de 
=o 1-(1-+-) |] ira Gs: 


If the collision takes place in free space, the 
cross section for energy loss reduces to 


ExSe>0: oral Ey, e)de=o- oy 
44 


(6) 

Only the equation (2) of the above expres- 
sions (2)~(5) has ever been derived by 
Goldberger®. In actual cases the cross sec- 
tion for nucleon-nucleon scattering is not 
spherically symmetric as assumed above, and 
the effect of the exclusion principle is much 
larger than the above model. (For the case 
of high energy nucleon-nucleon scattering by 
Yukawa-type interaction, see ref. 5)). 

The same effect gives rise to the com- 
plicated modification of the cross section for 
meson-production by particles or gamma-rays 
with energies not much larger than the meson- 
threshold. Therefore, we must not overlook 
this effect, when we compare the theoretical 
expectations with experimental data. These 
subjects will be discussed in subsequent let- 
ters. / 

* Now at Tokyo University, Tokyo. 

1) W. Heisenberg, Leibziger Ber., 89 (1937), 
369. 

2). R. Serber, Phys. Rev., 72 (1947), 1114. 

3) M. L. Goldberger, Phys. Rev., 74 (1948), 

s 1268. 

4) L. Rosenfeld, Nnelear Forces, Vol. ll, (1949). 

5) Y. Fujimoto and Y. Yamaguchi, Prog. Theor. 
Phys. 5 (1950), 76. 


On the Anomalous Magnetic Moment 
of Nucleon in Vector 
and Pseudovector Meson Theory 


S, Hori and K. Sawada 
Department of Physics, Kyoto University 
March 24, 1950 


Recent development of invariant formal- 
ism has made it possible for us to calculate 
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A Note on the C-Meson Hypothesis 


T. Kinoshita 
‘Department of Physics, Tokyo University 
March 25, 1950 


Several years ago, Sakata” and Pais*’ pro- 
posed independently a device which is effec- 
tive in making finite the sécond order self- 
energy of an electron calculated on the basis 
of the positron theory. They assume that 
electrons are necessarily surrounded by a 
neutral scalar meson field—the C-meson field 
—besides the ordinary electromagnetic field. 
It is found that when the coupling constant 
f between C-meson field and the electron 
field satisfies the condition 


fare e) 


the second order self-energy of an electron 
becomes finite, and thus the scalar field has 
some feature of cohesive force acting on the 
charge of the electron. 

In spite of the difficulties brought about 


by the introduction of a new particle (the C- 
meson) associated with this field, various 
attempts’ have since made to justify this 
hypothesis both theoretically and experiment- 
ally. This method of mixing fields have been 
extended to analyze the difficulties of the 
present quantum theory of fields, especially 
the problem of vacuum polarization», On 
the other hand, it has also been remarked 
frequently that the O-meson itself can hardly 
be observed in the present experiments if it 
exists at all. Therefore it may not be use- 
less to ask once again whether or not the O- 
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meson hypothesis is a satisfactory one from 
the theoretical view point. The fourth order 
self-energy of an electron, for example, may 
thus give a crucial test for the validity of 
this hypothesis with which we shall be con- 
cerned in this note. 

Diagrams corresponding to the fourti 

order self-energy of an electron due to th 
interaction with the surrounding electrc- 
magnetic field and the C-meson field ae 
drawn immediately as follows: 
These are second order corrections to tle 
graph of the second order self-energy. Here 
the dotted line represents either a virtul 
photon or a virtual C-meson and we must of 
course take account of all possible diagrams 
of orders e’, e*f*, and f*. Matrix elements 
associated with them are evaluated by the 
usual method described by Feynman ard 
Dyson*®. (It is convenient to make use of 
the relativistic cut-off of Feynman in actwl 
computations.) 

Direct calculation of the matrix repre- 
senting the graph a gives rise to the cor- 


tribution 6x,* to the fourth order self-energy 
of an electron ; 


where the first term is linearly divergent for 
free electrons and does disappear if the self- 
mass is amalgamated with the mechanical 
mass. JB is a logarithmically divergent term 
of the charge renormalization type. 6%,= 
6x,°+0x,J is the self-mass of an electron in 
the second order which is known to be finite 
on employing the condition (1). é,* and 


Abe 


of the positron theory. 
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A Note on the C-Meson Hypothesis 


T. Kinoshita 
Department of Physics, Tokyo University 
March 25, 1950 


Several years ago, Sakata!) and Pais?) pro- 
posed independently a device which is effec- 
tive in making finite the sécond order self- 
energy of an electron calculated on the basis 
They assume that 
electrons are necessarily surrounded by a 
neutral scalar meson field—the C-meson field 
—besides the ordinary electromagnetic field. 
It is found that when the coupling constant 
f between O-meson field and the electron 
field satisfies the condition 


pr=re (1) 


the second order self-energy of an electron 
becomes finite, and thus the scalar field has 
some feature of cohesive force acting on the 
charge of the electron. 

In spite of the difficulties brought about 


by the introduction of a new particle (the C- 
meson) associated with this field, various 
attempts’ have since made to justify this 
hypothesis both theoretically and experiment- 
ally. This method of mixing fields have been 
extended to analyze the difficulties of the 
present quantum theory of fields, especially 


the problem of vacuum polarization». On 


the other hand, it has also been remarked 
frequently that the C-meson itself can hardly 
be observed in the present experiments if it 
exists at all. Therefore it may not be use- 
less to ask once again whether or not the C- 
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meson hypothesis is a satisfactory one from 
the theoretical view point. The fourth order 
self-energy of an electron, for example, may 
thus give a crucial test for the validity of 
this hypothesis with which we shall be con- 
cerned in this note. 

Diagrams corresponding to the fourth 

order self-energy of an electron due to the 
interaction with the surrounding  electro- 
magnetic field and the C-meson field are 
drawn immediately as follows : 
These are second order corrections to the 
graph of the second order self-energy. Here 
the dotted line represents either a virtual 
photon or a virtual C-meson and we must of 
course take account of all possible diagrams 
of orders e*, e?f?, and f*. Matrix elements 
associated with them are evaluated by the 
usual method described by Feynman and 
Dyson”, (It is convenient to make use of 
the relativistic cut-off of Feynman in actual 
computations.) 

Direct calculation of the matrix repre- 
senting the graph a gives rise to the con- 


e 
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tribution 6x,* to the fourth order self-energy 
of an electron ; 


bey =) ge (Ot)? + Bot, 2) 
where the first term is linearly divergent for 
free electrons and does disappear if the self- 
mass is amalgamated with the mechanical 
mass. Bis a logarithmically divergent term 
of the charge renormalization type. OX, = 
6x,°+0%.f is the self-mass of an electron in 
the second order which is known to be finite 
on employing the condition (1). 6%,° and 
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6x,f are electromagnetic and C-mesonic self- 
masses of an electron, respectively. 

The contribution coming from the graph 
5 is of the form 


6x, = Adx, + Box, +Cx (3) 


where A diverges logarithmically and is re- 
moved by the mass renormalization. C is 
finite. There arises thus no difficulty in 
diagrams a and b if mass and charge are 
renormalized to the second order. ‘The neces- 
sity of mass renormalization in the case of 
the C-meson theory was once stressed by 
the present author. 

The third graph ¢ shows rather different 
features from the above ones. It has the 
form 

6% 4° = B’6%,6+ B’'6%,f + De (4) 
where B’, B’’, and D are logarithmically 
divergent. The charge-renormalization factors 
in (4) does not cancel those of (2) and (3) 
contrary to the case where the electromagnetic 
field only is taken into account. This is 
related to the circumstance that in our case 
the meaning of the word “correction to a 
vertex” is not unique at all as in the usual 
electrodynamics. 

After the leading terms are removed by 
the mass renormalization (of the C-meson 
field alone) and the charge renormalizations 
{of both kinds) the modified D,»-function 
gives rise to a logarithmically divergent term 
belonging to the graph d. This term arises 
due to the polarization of the electronic vacuum 
and therefore it may not be curious even if 
this is divergent in the C-meson theory. 

Collecting the above results, we find that 
the condition (1) can not insure the con- 
vergence of the fourth order self-energy and 
thus success of the C-meson hypothesis in 
the second order approximation is no more 
than an accident. The reason for the existence 
of the C-meson is thus very much weakened, 
though one can not exclude the possibility 
that it still describes a sort of particle which 


really exists in nature. It must however 
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highly be appreciated that the C-meson theory 
has been instrumental in analyzing the present 
complicated features of the theories of ele- 
mentary particles. 

This consideration strongly suggests that 
various theories of mixing fields, especially 


- those which have been developed relating to 


the divergences of vacuum polarization, are 
to be scrutinized by similar methods as 
sketched here. The regularization procedure 
of Pauli and Villars may not be rejected®, 
since it concerns only with a single type of 
fields contrary to the “realistic” theores in 
which mixtures of various types of fields are 
considered. It is desirable to make these 
circumstances clearer from the general point 
of view. 
1) S. Sakata and O. Hara, Prog. Theor. Phys. 
2 (1947), 30. 
O. Hara, Prog. Theor. Phys. 3 (1948), 18S. 
2) A. Pais, Phys. Rev. 68 (1945), 227. 
3) H. Umezawa, J. Yukawa, and E. Yamada, 
Prog. Theor. Phys. 4 (1949), 25, 113. 
H. Umezawa and R. Kawabe, Prog. Theor. 
Phys. 4 (1949), 443. 
R. Jost and J. Rayski, Helv. Phys. Acta, 22 
(1949), 45s. 
D. Feldman, Phys. Rev. 76 (1949), 298. 
4) R. P. Feynman, Phys. Rev. 76 (1949), 769. 
F. J. Dyson, Phys. Rev. 75 (1940), 484, 1736. 
5) S. Endo, T. Kinoshita, and Z. Koba, Prog. 
Theor. Phys. 4 (1949), 218. 
6) W. Pauli and F. Villars, Rev. Mod. Phys. 
21 (1949), 434. 


Note on Five-Dimensional Space 
and the Self-Energy of Electron. 


Y. Katayama and S. Takagi 
Department of Physics, Kyoto University 
April 1, 1950 


We pointed out recently” that the -modi- 
fied five dimensional theory of M@ller’s type 
could accomplish the same role as ‘“‘ regulator” 
of Pauli and Villars. There we considered 
it to be an approximate formulation of future 
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five dimensional theory in correct sense and 
neglected the five dimensional covariance in 
its standpoint. If we adhere to the five di- 
mensional covariant formulation, however, it 
is not correct to take the theory of Mé#ller’s 
type». In this meaning we can take the 
formalism proposed by Watanabe’ some years 
ago. Inhis theory, however, masses of par- 
ticles which take parts in processes behave 
‘as fifth momentum so that the mass conser- 
vation law comes into appearance in the same 
meaning as the conservation of momentum 
and energy. Therefore Watanabe’s theory 
cannot be a correct one aS it is not profit- 
able in the problems to which particles with 
their proper masses concerns. But it will be 
to some extent a good approximate theory if 
we treat the problems in the frame of electro- 
dynamics. excluding the meson field. 

As stated in previous paper, we know 
nothing about the character of the fifth co- 
ordinate, nor has been constructed the correct 
theory which determines a-priori masses of 
particles in nature. Though this fact is the 
point at which the five dimensional theories 
should aim, it is just the reason too why 
these theories could not argue men into com- 
pliance. 

In the following we shall overlook these 
defects and calculate the self energy of 
electron standing on the viewpoint of setting 
the mass value of initially existing particles 
a posteriort. 

Let the equations of motion for electron 
field and electromagnetic 


QU.=0, (a=1, 2, 3, 4, 5) 
(1) 
Ex site oy ay €.=0, ‘ 
OX OX 
respectively, where 
€c=(—t7 5% 15), 
(2) 


~ 


p=ip' Ts. 


As the commutation rules we put 


[Us(@), Us’) J=tdaL@—2"), 
3) 


' Pe oa, = al ~— Pg VL 
{$(x), O@’)} =— €aae— La 2"). 
The generalized Schrédinger equation is 


ise ¥ [S=[—teGeapUa]¥ (SX), (4) 


where, as before, we take the normal of the 
surface >} perpendicular to the fifth direction. 

Computing the self energy following 
Schwinger, we obtain 


¢(a) =const.§ da’ jdk dk’ (expli(k+h’) 
(a—2")))[€a(ths’€s)€s] 


2 r2 
one ate ae ) ix). 


If we appoint the mass in this place we get 


Omd(a, m)=const. j (dp) exp Cipx)d(ps +a) 


1 
x (dy) | iu) es psd (q? +u'p*) 


X oC p)=0. 


Hence the self energy of electron vanishes 
exactly. This situation can be best under- 
stood in the Feynman-Dyson’s diagram. As 
is shown in these figures our theory mixes 
the masses of electron and electromagnetic 
field variously in the intermediate state,, and 
this circumstance is 
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usual theory 
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our. theory 
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just equivalent to take Pauli’s subtraction 
fields into account. 

The other problems concerning with these 
formulation will be investigated in other 
places. 

In conclusion we should like to express 
our hearty gratitude to Prof. S. Watanabe 
for his kind interest and advice during this 
work. 

1) Y. Katayama, K. Sawada and S. Takagi, 
Prog. Theor. Phys. 5 (1950), 14. 

2) C. Meller, Det Kgl. Danske, 18 (1941), No. 
6. 

3) S. Watanabe, Proc. Phys. Math. Soc. Japan, 
23 (1941), 973. 

4) S. Watanabe, Sci. Pap. I-P.C.R., 59 (1941), 
157. 


Radiative Correction 
to Decay Processes. II. 


Beta Disintegration of Nucleon. 


T. Nakano, Y. Watanabe, 

S. Hanawa, and T. Miyazima 
Institutes uf Physics, Osaka University, 
Hokkaido University, 
and Tokyo Bunrika University. 


April 3, 1950 


The second order radiative correction to 
decay processes has been investigated with an 
attempt to see if the self-consistent subtraction 
method, which has achieved remarkable suc- 
cesses in the quantum electrodynamics, is 
applicable as well to the cases where more 
than two kinds of wave field are interacting 
with one another. In a previous paper”, 
which is concerned with the case of meson 
decay, we have reported that (i) the infrared 
catastrophe occurring to the probability of the 
meson decay accompanied by real photon 
emission can be cancelled by taking into ac- 
count another radiative .correction to the 
decay probability due to virtual photon pro- 
cesses, and that (ii) the ultraviolet divergence 
involved in the latter correction can be con- 


cealed into the observed masses and coupling 
constant. In this note we shall give a brief 
account of the result for the second example, 
the case of beta disintegration of nucleon. 

According to the Fermis model, the 
beta disintegration of nucleon is caused by 
the interaction Hamiltonian of the form 


V (x) =90 (a) 9 (x) BBY(2x) ¥(x) +c0n}., 
(1) 
where ¥(z), O(x), g(x) and (x) denote 
the spinor wave functions for respectively 
proton, neutron, electron and neutrino, the 
barred ones their adjoints, g the coupling 
constant, and 8 and B Dirac’s sedinions res- 
pectively for lepton and for nucleon (see 
Table). 

As the corrective Hamiltonian which is 
responsible for the radiationless disintegration, 
we have obtained, after calculations similar 
to those performed in the former case, 


bo Vv (x) = by V (2) nitra + 6, V (z)inna 
+finite terms, (2) 
with 
5, V(x) unra=9a0 (2) 9 (2) Bou BE yy 
xX d(x) F(x) +conj., (3) 
boV (x) utra= 9b O(x)9(x)B BL2— py PuFy 
X (pp Pu) lo(x) ¥(a)+conj. (4) 


= } obs keotWVk2o+m? 
a ( dz l6x (log m 


Vk? 2 , 
tog Seek Saree : a7 4 ), (5) 
and 
a e 1 j m M 
b=(—- ) ge (log —g—HHog Dk, ) 
(6) 


where p, and Py, represent the differential 
operators, —76/@xy's, operating respectively 
on ¢(@) andon ¥Y(a), m and M the masses 
of electron and of proton, &, and ke the 
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Table 


Type of 


coupling scalar 


vector 


pseudo- 
vector 


pseudo- 


tensor 
scalar 
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lower and the upper cut-off frequencies for 
virtual photons, F(z) being the same func- 
tion as that introduced in the previous paper. 
In deriving the above result the mass re- 
normalization has already been performed. 

6,V(x)intra gives an infrared divergent 
contribution to the rate of radiationless dis- 
integration of the order e*, which is respon- 
sible for cancelling the infrared catastrophe 
of the radiative disintegration as expected 
from the general considerations on the in- 
frared catastrophe”. 

As to the ultraviolet divergence, it 1s 
observed on comparing (1) and (3) that 
6,V (x)uitra, having a type of coupling different 
from that of the unperturbed Hamiltonian 
V(x), can not be removed by the procedure 
of g renormalization, so far as a single type 
of coupling is assumed between nucleon and 
lepton fields, in contrast to the case of meson 
decay. If several types of coupling are as- 
sumed simultaneously, it is not impossible to 
remove the divergence with, in some special 
cases even without, the aid of g renormaliza- 
tion. Examples: (i) mixture of the scalar 
and the pseudo-scalar couplings, (ii) mix- 
ture of the vector and the pseudo vector 
couplings, and (iii) mixture of the scalar, 
the pseudo-scalar, and the tensor couplings. 
In the first or the second case, the condition 


24(1+ 750s) 
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Je=—Jps OT Jo=IJov Suffices for the two 
divergent terms of\the respective couplings 
to cancel each other without the aid of g 
renormalization. In the last case, the most 
simple g renormalization is Joo= (1— 6a) g 
under the assumption g=9;=9:=4y% (see 
Table). 

A fuller account will be published later. 


1) S. Hanawa and T. Miyazima, Prog. Theor. 
Phys., in press. 
2) Z.Koba, Prog. Theor. Phys., 5 (1945), 208. 


Errata: On the Concept of the Nuclear 
Potential (5 (1950), 159) 


K. Baba, D. Ité, T. Miyazima & M. Sasaki. 


In this letter there was a serious mistake, and 
the authors required its withdrawal after sending 
it, but it was not withdrawn due to an accident 
on business. The mistake was in several lines in 
the upper part of page 160. The deformation of 
the wave function due to the second order Mgller 
interaction contributes a considerable part to the 
fourth effect, but is not all of it as stated there. 
The difference between the effect observed by 
Watson and Lepore and that due to the deforma- 
tion constitutes the fourth order nuclear potential. 
The calculation of the higher order nuclear potential 
has also been carried out by Y. Nambu. 
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